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ABSTRACT

The aim of this paper is to investigate rational approximations to solu-
tions of some linear Fuchsian differential equations from the perspective
of moduli of linear differential equations with fixed monodromy group.
One of the main arithmetic applications concerns the study of linear forms
involving polylogarithmic functions. In particular, we give an explana-
tion of the well-poised hypergeometric origin of Rivoal’s construction on
linear forms involving odd zeta values.
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1. Introduction

The purpose of the present paper is to investigate rational approximations to
solutions of certain Fuchsian linear differential equations from the viewpoint of
the theory of moduli of differential equations with a fixed monodromy group.

We shall only consider differential equations defined on the Riemann sphere,
P1(C). Given a family of analytic functions on P1(C), the existence of a lin-
ear combination of its members with zeros of high order will be seen to follow
from the study of the local behavior of Fuchsian differential equations. This, in
turn, reveals a connection between Fuchsian differential equations and diophan-
tine approximations of special Siegel G-functions. Riemann [Rie] initiated this
viewpoint in his study of Gauss’s continued fraction expansion of

(1.1) JF, <ac++1ib x) JoF} (aéb |x>
(see also [Hul]).

More recently, G. V. Chudnovski [Chu2] has obtained many interesting re-
sults about linear forms involving generalized hypergeometric functions. Sub-
sequently, Y. Nesterenko [Nel], [Ne2] carried out more precise studies of this
topic.

Here, we obtain some formulae that play an important role in the theory of
Padé approximation.

Following Riemann, we use the notion of a local system to solve the realization
problem: given a finite subset S of P;(C) that contains oo and given local
numerical data of rank m on Z =: P, (C)\ S, we are asked to explicitly construct
and analyze the behavior of Fuchsian differential equations that give rise to the
given local system.
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This construction comes from the choice of a basis of this local system which
is “good” at every singular point. This basis is the Levelt basis [Le], [AB], a
triangular basis which is related to the monodromy of this local system.

If one uses this basis, it is very easy to find the exponents of the linear Fuchsian
differential equation related to this local system.

When the local system has no accessory parameters, that is, when it is “rigid”
according to the terminology of Katz [Ka], the Fuchsian differential equation is
unique and we obtain a Padé linear form as a special case of the contiguity
relations. Here, we note that Katz [Ka] works only with irreducible differential
equations, but in many special cases we extend his results to reducible equations
related to polylogarithmic functions.

The rigidity of the local system or, equivalently, the differential equation, has
important arithmetic applications. In particular, the uniqueness of the equa-
tion corresponding, respectively, to the generalized hypergeometric functions
[Chu2] or to the polylogarithmic functions [Hul], [Nel], [Hu4] enables us to
establish many new explicit formulae for Padé approximations. For example,
since Meijer’s G-functions [Gu] satisfy Fuchsian differential equations, they can
be expressed in terms of approximants given by our method.

Our results provide a new viewpoint for the study of linear forms involving
polylogarithmic functions. We give a uniform exposition of certain aspects of
the famous works of Apery on the irrationality of {(3) and generalize the con-
structions of Ball, Rivoal and Zudilin [Ba], [Ri], [Zul], [Zu2] on the arithmetic
of linear forms in odd zeta values.

In particular, we provide a new exposition of the well-poised origin of Rivoal’s
construction. (See [Fil] and [Fi2] for a recent account of the arithmetic nature
of these functions.)

Admittedly, our general method does not so far directly reproduce or ex-
tend the famous arithmetic results obtained by the cited authors; our aim is to
illustrate how ad hoc calculations can be replaced by a systematic procedure.

In order to make our exposition self-contained, we shall first review in the
next subsections some relevant background material, omitting the proofs.

1.1 HYPERGEOMETRIC POWER SERIES. We begin with the following observa-
tion and definition.

Definition 1: Let F(X) =3 _,c(m)X™ be a formal power series.

We define the relatively prime polynomials P and @) by the relation
c(m+1) P(m)

efm) — Q(m)(m+1)
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where P and @ are relatively prime polynomials. The series F(X) formally
satisfies the following differential equation:

QO)F =XPOYF
where 8 = Xdix.

We refer, for instance, to [Er] for basic definitions of classical generalized
hypergeometric power series ,F, in a single variable z with parameters

a,b;, i=1,....,p, 7=1,...,q

In this case it turns out that a factorization of the corresponding polynomials
P and @ leads to the following classical definition:

a1,G2,...,0p _ = (@1)n - (ap)n 4
12 ow (S ele) =2 W

Here (a), is a Pochhammer symbol:
(1.3) (@o=1, (a)p=ala+1)---(a+n—-1).

1.2 FUCHSIAN LINEAR DIFFERENTIAL EQUATIONS WITHOUT ACCESSORY PARA-
METERS. Consider Fuchsian linear differential equations of order m with p

regular singular points
(1.4) S ={ai,az,...,ap_1,0}.

Denote by L, p this set of differential equations and let 1)(z) be the polynomial

p~1

(@) = [J(@—a).

i=1

An element E of L, , can be written

(1.5) E y(m) + ¢1_(x)y(m—1) 4ot ¢m(fﬁ) ~0

y =
¥(z) P(z)™
where the polynomials ¢;(z) are of degree at most i(p — 2).
One can deduce that the dimension § of this vector space is

= m(m + 1)
(1.6) 5=3 (p-2k+1) = ((p-2 ) +m
k=1
One can identify Ly, , with the vector space C°.
If V = Sol Ly, p is the vector space of solutions of E and G is the monodromy

group of E, then V is a G module.
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Remark 1: In [Chu3] this subspace V is called a Fuchsian module. See also
[Ber] and [Ber, Beul.

Let us consider the set Sing of regular singular points of E and Exp(a) the
set, of exponents of E at a.

For a regular singular point a, let us denote by |V,| the number of linear
conditions on £ which are necessary and sufficient for the absence of logarithmic
terms from the solution of this differential equation at a. In this case |V,| is
the number of holomorphic linearly independent solutions v, () at a such that
(x — a)®=1,(z) is a solution of E belonging at the exponent e,.

(If, at a singular point, one knows that two exponents differ by a natural
number then, in general, one has a logarithmic solution.

Using a result of Ince [In] (page 404), we can find linear conditions such that
all solutions relative to a particular exponent e, at a are free from logarithms.)

We put
Vi= Y Vel
a€Sing(a)
We can conclude that A is the space of moduli of a vector space Ly m,v,G-
If V and G are given, the vector space Ly m v,¢ depends on p,m,V,G; then
its dimension is

(1.7 4= [o-2 23 ] fom - 1)+ v
The dimension | 4] is known as the number of accessory parameters of an element
E of Lm,p,V,G~

If p=3 and m = 1, we obtain |[V| = 0 and |4| = 0, that is we have the
famous Riemann P scheme [Rie]. (In general |A| > 0, but we do not study this
case in this article.)

If |A| = 0, then E is without accessory parameters.

In this case, we can associate to E a p x m matrix called a “Riemann scheme”
(or “Riemann symbol”) Rg which gives exactly the roots of the indicial equation
at the regular singular points of E.

The map between this Riemann scheme and E is one-to-one (see {Hu2]). The
general case gives

a gz %
1 2 00
6% e% €
0o
(1'8) RE — 62 62 62 T
1 2 o0
€m €m €m



6 M. HUTTNER Isr. J. Math.

In the sequel we only consider the hypergeometric case.

1.2.1 The hypergeometric case. In this case
p=3 VI=(m-2)(m-1)/2.
Since at 1 there exists a basis of m — 1 holomorphic solutions, we have
0,1,....m—2

for the corresponding exponents.

Let us give a sketch of the proof of the unicity of the Fuchsian differential
equation F in this case.

We consider the restriction E; of the operator E to the subspace V7 generated
by this basis of holomorphic solutions at 1. The operator E; is of order m — 1
and for this differential equation, 1 is an ordinary regular point.

Furthermore, the fact that there does not exist at the singularity 1 any
logarithmic solutions adds

142+ +m-2=1V]|

new linear relations.

1.3 LEVELT’S CONSTRUCTION OF THE HYPERGEOMETRIC DIFFERENTIAL
EQUATION. The following theorem, which is Levelt’s construction of
the hypergeometric differential equation [Le], is the main tool of our
paper.
Let
=P1(0\{0,1, 00}

and let W denote the universal covering of Z'. Let M(W) be the field of
meromorphic functions on W and p the projection of W onto Z’. At each point
of W, we can consider p to be a local parameter.

THEOREM 1 (Levelt): Let V be an m-dimensional subspace over C of the vector

space W™ satisfying:

(HFy) The elements of V are holomorphic on W.

(HF,) The elements of V are of finite order at 0, 00, 1.

(HF3) Ifm(Z') denotes the group of all covering transformations of Z', to each
é € m1(Z') there corresponds an automorphism 6* of M(W) defined by

YweW, Vfe M(W), (" f)(w)=f(éw)
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(i.e. 8* is the monodromy’s operator).
Then 6* is an automorphism of V.
(HF4) Let

Y. (ezp)

Sing=0,1,00

be the sum of all the exponents; then

S (eap) = mm —1)/2

Sing=0,1,00

(Fuchs relation).
(HFs) The (m—1)-dimensional initial value problem at 1 is solvable (i.e. there
exist m — 1 C linearly independent holomorphic functions of V at 1).
(For a more precise and equivalent definition see [Le] theorems 2.8, page 381

and 2.10, page 383).
Then V is the solution space of the hypergeometric differential equation

(1.9) (B =m)O =) (0 —ym) —2(0 + 01)(0 + z) - (6 + am))y(z) = 0.

Its Riemann scheme is

0 = 1
v o 0
v ag 1
(1.10) R| : 2|z
Tm Om 4
with
m m
(1.11) Y v+ ai+td=m.
=1 =1

Let us suppose that v; = 0, i.e. there exists a holomorphic solution f(z) at 0
for the hypergeometric operator.
In general we put

N=1-Bn=0, 2=1=-8, ..., Yma1=1-Pn

and within a multiplicative constant f(z) is the hypergeometric power series of
parameters

Q1,Q2,...,0n; ﬂl?'“yﬂm—lﬂﬁ‘m::L
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The last exponent d at 1 is very important. If, in particular, its value
is a nonnegative integer, then there exists a relation between f(x) and the
solutions at the singularity 1. This relation comes from the behaviour of the
nonholomorphic solution at 1. It is easy to see that we can write

(1.12) f(z) = p(z) + (1 — 2)*(g(2) + h(z) log(1 — z)).

Here p(z) is a polynomial of degree d — 1; g(z),resp h{z) are analytic at 1 and

g(1),resp h(1) # 0.
We now introduce some more notation. Let

A1(a), Az(a), ..., Ay (a)

denote the roots of the indicial equation (local exponents) at a, which can be
determined within a nonnegative integer, i.e. are of the form

/\l(a) + nla)‘2(a) +na,.. '7/\‘m(a) +

with (nq1,n9,...,n,) € N™.
We shall write for short in the sequel

(1.13) {An, A2, A} + (N).

Definition 2: We put

(1.14) JG:i/\k(a)—m(m—l)/Z
k=1

The Fuchs relation can be rewritten as

(1.15) > b =-m(m—1).
a€P;

If a differential equation is without accessory parameters, i.e. |A] = 0, we can
manipulate its unique Riemann scheme (where we must not forget the log-
arithmic solutions!) to find the equation E and the solutions of E. Moreover,
the global monodromy group of E is known but in general its computation is
difficult.

1.4 THE RIEMANN-HILBERT PROBLEM AND PADE-TYPE APPROXIMATION.
Let S =0,1,ss,...,8,,00. Put U =P; — S, choose a point p € U and let

R: m (U,p) = GL(n,C)
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be a homomorphism.The Riemann-Hilbert problem (Hilbert’s 21°¢ problem)
asks whether there is a Fuchsian differential operator

k
dy A
dr [Zx—si]y

1=1

(where s, = 0,89 = 1) and V), a basis of solutions of

dy b Ai _
(1.16) e [Zx_si]y_o

i=1

with constant matrices A;, such that the monodromy map
M:m(U,p) = GL(V,)

coincides with the given M for a suitable basis of V,. For many special cases
one knows that this problem has a positive answer (in particular when M is
unipotent [AB]).

In fact, in this paper we only need the weaker version, which only asks for a
regular singular differential equation with singular locus S and M equal to the
monodromy map M.

In this case the answer is positive (but this Fuchsian differential equation can
have apparent singularities).

Let

F={fi,far- s fm},

C(z) linearly independent analytic functions at 0 (or at infinity) of equation
(1.16).

The analytic continuations of F' on U generate a local system of rank m over
C, therefore these analytic continuations of F' at 0 (around 1, say) give for
1 <k <m a new basis

2
f}%»fkv'”vf}?«,n-

(We put f1 = fi.)
One can construct a matrix

—_ (£l
@ = (fi)1gigm
whose columns are the solutions of equation (1.16).

Using the weaker form of the Riemann—Hilbert problem we can obtain a
Fuchsian system whose solutions are given by the columns of Q.
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To construct this matrix we shall use Levelt’s basis.

This system is equivalent to a linear Fuchsian differential equation of order
m, L{y) = 0 whose set of regular singular points S’ = S U A is obtained by use
of the cyclic vector’s lemma.

In general, the application of this lemma implies that we must add to S a set
A of apparent singularities.

Now consider the linear form

R'(z) = ) Au()fi(2)
k=1

where, for 1 < k <'m, Ax(z) denote polynomials of degree n;.

The analytic continuation of R!(z) yields m linear forms (R!, R?,..., R™)
which satisfy also a linear Fuchsian differential equation Lp(y) = 0. This
differential equation depends on

P={A1,...,An}.

The set of regular singular points of Lp(y) is also S (but we must add new
apparent singularities). Now suppose that linear forms (R!, R?,... R™) satisfy
some conditions at the singularities (Padé-type conditions). Then we can show
that L and Lp are without accessory parameters and that the operator Lp is
unique.

The remainder R!(z) and the set of polynomials P are completely determined
by these conditions.

We shall now apply this construction to the polylogarithmic system of
functions.

2. Analytic construction of linear forms of polylogarithmic functions

2.1 APPLICATION TO THE POLYLOGARITHMIC CASE. The classical poly-
logarithm for k € N* is defined as

™

WK

2.1) Lig(z) =

n=1

and has an analytic continuation to the cut plane X.
In the case k = 1, one recognizes the power series expansion of — log(1 — ).
These polylogarithmic functions Lix(z) have an analytic continuation to X
and may be conceived of as a ‘multivalued’ function on Z’ (i.e. a function on
W, the universal covering of Z').
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Let us recall the following integral formulae,

7 dt
Liy(z) := —log(l — z) :/ et
0 1 - t
and for the higher logarithm
L’ik+1($) I=/ —-—ZJ;(—t)-dt
0

The relation

Lix(z) 1,.

1
:’*“F’“( 2,2,...,2 |x>

between Liy(x) and the hypergeometric power series is also useful.

(2.2)

Now, the m + 1 functions
1,log(l —z),..., Liy(z)
are Q(z) linearly independent, therefore the local system
PLi(m) =: C(z){log(1 — x), ..., Lin(z)}

is of rank m + 1 over C(z).

The monodromy group of this local system is well known; it is, in particular,
unipotent.

To find an “adapted” basis of this local system we use analytic continuation
of Liy, Lia, ..., Lip(z) along loops 1 and 7o based in a vicinity of 1 resp 0.

We use the loops

YA OM - o, oM

to obtain the following matrix of “periods”:
1 Li(z) -+ Lig(2)
0 2ir--- 2irlog™ Va/(m—1)!
(2.3) Alz) =
0 0 (2in)" Y (2m)™ logz
0 - 0-- (2m)™

The second row is a result of the monodromy transform of the first row along
a loop circling 1; the third row results from the monodromy transform of the
second around O etc. . ..

This (m+1) x (m+ 1) matrix can be view as a multivalued G L, 41 (C)-valued
matrix on P, (C) — {0,1, o0}.
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Remark 2: 1In fact, the local system PL;(m) is {Ci(z),C2(z),...,Cpny1(z)}
where Cx,1 < k < (m + 1) denote the columns of A(z).

Let us consider m + 1 polynomials
Ap(z), A1(2),. .., A ()

such that A,,(z) is not zero and, for 0 < k < m, deg Ax(z) = ng.
The linear form

(2.4) Ro(z) = Ao(z) + > Ax(x)Lix(2)
k=1
gives rise to the m new linear forms R;(z), R2(z), ..., Rm(z),
Ro(z) Ao(z)
Ry(z) :
(2.5) : =AMz) | Ax(z)
Rm(2) A (z)

It is important to note that R, (x) = (2in)™ A ().
These linear forms, which depend on

(2.6) o= i(nk +1)-1
k=0

parameters, give rise to a new local system constructed as in (2.3), the first row
of which is

(Am (), A (2)Liy (2) + Am—1(x), A (x) Liz(x)
+ Am_1($)Li1(I) + Ap—2(z),..., Ro()).

This local system depends on the polynomials Ax(z), 0 < k < m.

The rank of this local system over C[z] is also m + 1. It yields a family of
linear differential Fuchsian operators £ of order at least m + 1 such that for
0<k<m,

L e L& L(Ry(x))=0.

2.2 A GENERAL PADE-TYPE CONSTRUCTION. Let us now consider the linear
forms

27 Ro() = Ao(z) + ), Ax(z) Lir(a)

k=1
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and
(2.8) = 2ir Z Ai(z)log"(z)/(k — 1)
where the polynomials Ag{z),..., Ax(z) are of degree n,.
Let us suppose that n, < n,-1 <--- < np.
We put
m
Z ng+1) -1
We give here a solution to the following problem.
Given m positive integers og,01,€1,...,6m—1, can we find polynomials

Ao(z), ..., Ax(z) such that the functions

(2.9) Ro(z) = O(z)",
(2.10) Ri(z) = 0(1 — )™,

and such that

(2.11) Ri(z) = O(2)**,
where
m—1
(2.12) oo+ o1 + Z ep > 07
k=1

The answer is given by linear algebra. We shall show that the C(z)( %) ideal

I;, of differential operators L such that for 0 < k < m,

L(Ro(z)) = 0--- L(Ry(z)) =

is “rigid”, i.e. the operator L is completely determined by its local data (i.e. its

Riemann scheme).

Moreover, the construction of this operator L gives almost without calculation
effective formulae for the polynomials Ax(z) (1 < k < m) and the remainder

Ry(z) (depending only on the given data, namely og,0q,€1,...

degrees ng,ny, . .., N, of the polynomials Ay (x)).

We can now formulate our main results.

,em—1 and the
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THEOREM 2: Under the assumptions
(2.13) N < Nm—1 < -+ < Ng,

the Riemann symbol related to this equation is

0 o0 1
g9 —No 0
€1 et 3] 1
€2
(2.14) R| . : o e
em—1 m-—1
0 —N o1
For 0 < k < m, the Ry(x) are solutions of
m—1 m
(6 —0o) [ 0—ex) =z [J(0 —n;)(6+00) =0.
k=1 7=0
If o < 6¢ and ny < Nyp—y < --- < ng, we have the following perfect Padé

approximation, i.e. ¢ = oy and within a multiplicative normalization constant
(2.15)

—n Op—1N €1 —"Nn ey m—1— N
Am(m) — xnmm-i-lFm my U0 m» €1 my yEm-1 m |1/IL‘ .
N —No+1Ln,—m+1,...,0nm —np-g+1

This polynomial belongs to Z[z] and, if we set d, = lcm(1,2,...n),
d™ %A, (z) € Z[2]

for1 <k<m.
Here, within the same multiplicative normalization constant

n
Am-i(@) =Y ) (n +1)|i=02™,

n=0

where c(n) denotes the coefficient of degree n in the polynomial A,,(z) and, as
usual, c'®) denotes the derivative of order k with respect to t.

_ oo o9 —Np, 00 —N1,...,00 — Ny,
(2.16) Ry(z) = Dpz?° ppy1 Fy ( 14 00,.... 1400 |:1:) .

Here, D,, denotes the multiplicative constant which depends on the integral
formula used to write the remainder.
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For instance, use of the Euler-Riemann multiple integral for (2.16) gives

[1;%: T(oo = n)T(1 + ny)

= d,m
F(l + O‘Q)m

For an equivalent construction of Hermite-Padé approximations which uses
“Nikishin systems” [Ni], see [Sor], {Ne3}.

Remark 3: This differential equation permits us to guess the polynomials and
the remainder of this Padé approximation using suitable Meijer-G functions.
The solutions of this differential equation can be written in terms of Meijer-G
functions.
If we put ng =ny = - -+ = nyy, = 0, we will have

a=(1-00,1+n,...,14n), b=(00,0,...,0),
Ro(x) = Gli’:rim(a_,( 1)"z)
1 T(og — 8)T'(s — 000) (8 — n)™

“%in ), T(-oo+sT(1+s)™ (—2)"ds

(within a multiplicative constant).

The curve L; may be chosen to pass from —oo to —o0, encircling each of the
poles of the function I'(gg — s), in the positive direction, but not including any
of the poles of I'(s — 0) and I'(s — n).

Remark 4: For o > 1, we can choose the following formula for the remainder:

[T I'(g0 — di)
[T T(1 + a9 — ex)T(1 + 00)
1 / HT o D(oo — di + t)L(—t)(—x)tdt
* %in L ([T, F(l +oo—ex+t)D(1+0g+1)

Ro(z) =

We can also write Ro{z) as the Euler-Riemann multiple integral but with
another normalisation constant.

For these choices the polynomials A,,_;(z) are exactly those given by the
previous theorem (without normalisation constant!).

Proof: Let us consider the linear form

Ro(z) = Ao(z) +2Ak )Lix(z).

k=1

We put Ordy Ry, (x) = 0p.
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Linear algebra shows that there exist Ax(z), 0 < k& < m such that

m—1
oo +o01+ ZekZU.
k=1
Using (2.5}, we see that this form is related to the other linear forms obtained
by use of analytic continuation of Rg(z) along loops based in a vicinity of 1
resp. 0 (the monodromy around 1 and 0).
These analytic continuations permit us to introduce the local system of rank
m + 1 generated by (2.5); then

Ro(z), ..., Rm(z)

(the so-called “Levelt basis” [Le]) are sections at 0 of this local system and also
solutions of a Fuchsian differential equation L of order at least m + 1.

In particular, we can conclude that the polynomial A,,(z) satisfies L{A,,(x))
= 0.

Thanks to Levelt’s study [Le], we can compute the exponents at the singu-
larities 0, oo, 1.

(These Levelt bases are invariant under the local monodromy operator.)

Consider the behaviour of the local system

(Ro(z), ..., Rm(z))

at 0. Since
Rj(fl?), 1<j<m-1

are logarithmic lower bounds the exponents at 0 are given by
(00761a vy Em—1, 0)7

here e;,...,en_1 denote positive integers which are lower bounds for the
exponents.
According to (1.14) we obtain

m—1
So=00—m(m—1)/2+ ) e
k=1

Consider the behaviour of the local system

(Ro(x),...,Rn(x))
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at 1. We use the fact that the analytic continuation of

(Ro(])), Rl (IZJ), ‘e ’Rm—l (.’L‘))

is holomorphic, i.e. the m initial value problem at 1 is solvable (HF5) [Le| to
obtain

0,1,....,m—-1,01)+ (N
and

h=0,+m+k.

But by a deeper use of the monodromy, we obtain a relation between the
exponent of the logarithmic solution at 1 and o;.

We observe that we can write Lig(z)/x as a particular hypergeometric series,
therefore an analytic continuation of Liy(z) at 1 can be written

(2.17) Liy(2) = Q5(z) + (1 ~ 2)*71(Qf (2) + Q5(z) log(1 — x))

where Q&(z) is a polynomial of degree k — 1, Q¥(z), Q% (z) power series analytic
in 1 and Q%¥(1)resp Q%(1) # 0.
It follows that the analytic continuation of Rg(z) at 1 can be written

Ro(@) =S(z) +3_(1 - 9)* 7 Qi (@) Ak @)
(2.18) .
+ (Z(l - w)’“‘lQ’é(x)Ak(x)) log(1 — z).

k=1

Here, S(z) denotes a polynomial of degree at most n +m — 1.
Monodromy around the singularity 1 gives

m

Ro(z) = Ro(z) + 2i ( 3 (1 - 2)* 1 Qh () As (:1;)) .

k=1
But since the monodromy around 1 yields
Ro(z) = Ro(z) + Ri(x),
if we put r1(z) = Ri(x)/2im we obtain

(2.19) =Y (1-2)* Q% (2) Ar(x).

k=1

Consequently, the exponent related to Ry (z) is o1 + (N).
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Moreover, since Q5(1) # 0 then 4;(1) = 0 if and only if oy > 1.
Consider the behaviour of the local system

(Ro(z),...,Rn(x))

at infinity.

At “00”, to study the analytic continuation of the functions R;(z),1 < j <
m—1 we have to suppose that n,, < n,_1 <--- < ng (since to obtain exponents
at this point it is easy to see that we must have —ng < —-n; <+ < —ny,).

Therefore, lower bounds +(N) are equal to —ny,—ns,...,—n., and there
exists only a problem for the analytic continuation of Ro(z).

To find the analytic continuation at oo of Rop(z), we must use (connexion
formulae) [Oe] for Liy(x), namely

(24m)*
k!

(2.20) Lir(z) + (-1)*Lix(1/z) = — By (log z/2iT)

where By(z) denotes the Bernoulli polynomial of degree k and (log’ x) the
branch of log whose imaginary part is in ]0, 27|.
If we put

(2.21) (1/2)°=V(1/z) = —Ao(®) + 3 Au(@)(~1)** Lix(1/z),

k=1

where V(1/z) is analytic and not zero at oo, and

m Nk
(2.22) UQi/z)=-3 Ak(z)%Bk(log’ z/2im),
k=1
then if we put
(2.23) W(1/z)=(Q1/x)’=V(1/z) +U(1/z)
we easily get exponents at 0o, namely
(oo =M1, —N2, . -y, —Ny) + (N)
with
(2.24) —np <00 <0,

600 =0 _an _m(m—l)/2+koo
k=1
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The Fuchs relation gives

—-m(m+1)/2 :(00 —m(m + 1)/2+m2—: er + (000 + 10)
k=1
- ink -m(m+1)/2+ koo>
k=0

+(o1—m+k)+ S,
or

m
(aoo+no)+ao+01+ko+k1+koo+Sa=an+m,
k=0

which yields with the conditions ¢ + o1 + Z;n:—ll er <o

m—1
(0oo +10) + D €+ ki + koo + Sa < 0.
k=1

Since oo > —ng then
kl = k'oo = Sa =0,

which establishes that the operator L is hypergeometric of order m + 1.
The Riemann scheme of L is in this general case

0 ®© 1
J9 T 0
€ —no 1
(2.25) R| & —m 2 g
€m—1 m—1
0 ~ T, 01
This Riemann scheme can also be identified with
Q oo} 1
0 0o — 09 0
€1 — 0o ag — Nyg 1
IU()R €2 — 09 agp — N1 2 |$
em—1 — 00 : m-—1
—0p dao — Ny J1

which is equivalent to (2.25).

19
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Since the remainder Ro(z) belongs to the exponent “oy” of the previous
Fuchsian local system, Ro(z) can be written

(2.26)
Ro(2) _H;-n___l (oo —nj)I‘(l +’nj)xao
- F(1+Uo)m
X o1 F 0p —7Ng, 00 —N1,00 —12,...,00 — Nm z
mtltm 1+09,14+00~€1,14+00—e2,...,14+00—€mn-1 ’

also written

(2.27)

m yo0—np—1 -
90 k 1—1t. ngt+er—1
/ k (1= t) dty -+ dtm.

0,11 g (1 —tity - .tm)ao—nm

The use of the last row of (2.18) (or monodromy around “1”), shows that
A, () is a solution of the same hypergeometric differential equation.

To write this polynomial we use the Fuchsian local system for the local variable
1/z at infinity. The Riemann scheme can be identified with

0 o] 1
Ooo + N, 00 — N, 0
nm — No €1 — N 1
(z) " amm 2 /s
N — Nn—1l  €m—1—Nm m—1
0 —Nm (2}
It follows easily that
(2.28)
M —Nm, 00 — Mmy €1 — Ny - -+, €m—1 — N
Am(2) = 8™ my1 Fm (1+no—nm,1+n1 e (T o —nm|1/m) '
Now if 0g > o, then 6y = €; = -+ = e;—1 = 0 and we obtain the formulae for
the Padé approximation of the first kind.
Ifng=n, = - =n, =n, we have
0o — M, =Ny, —N,y...,~N
(2.29) A (@) = " mp1 P | 0 |1/z
1,1,1,...,1

or, for arithmetic applications,

(2.30) Am(z) = g;}(—l)’*(m“) (Z)m (“" k_ l)x"_k € Z[z).
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Moreover, for 1 <[ < m the polynomials A,,_;(x) (within the same multiplica-
tive constant) are given by the Frobenius method of derivation with respect to
the parameters [In].

3. Well-poised hypergeometric polynomials and
Rivoal’s construction

We establish in this section a relation between our constructions of Fuchsian
linear differential equations and the nice results of Ball, Rivoal [Ba], [Ri] and
Zudilin, [Zul], [Zu2] on the arithmetic nature of the odd zeta values.

In order to get arithmetic results, these authors require that for 0 < k < m
the polynomials Ay (z) are subject to the “almost reciprocal condition”, i.e.

(3.1) Ai(z) = (1) F2" Ay (1/x),

where, as in the previous section, 0 = (m + 1)(n + 1) — 1 and Ry(z) = O(z)°°.
The following theorem provides a natural construction via linear differential

equations of their linear forms involving polylogarithms and odd zeta values.
Let us recall the following definitions.

Definition 3: If the parameters in the hypergeometric power series
apg, a1, ...am
F, z
mAEm ( by by | )
satisfy the relations
(32) a0+1=a1+b1=---=am+bm,

the series is said to be well-poised.
The series is said to be very well-poised if it is well-poised and, moreover, we
have the relation

1
a = 5a0+1.

The series is said to be nearly poised if all but one of the pairs of parameters
have the same sum.

The very well-poised condition permits us to have a shifting in the relation
(3.16). (See [Fil].)
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3.1 WELL-POISED POLYNOMIALS AND HYPERGEOMETRIC DIFFERENTIAL
EQUATIONS.

Definition 4: Let H = H(A,B) denote a linear Fuchsian hypergeometric
differential of order m. The operator H is said to be “well-poised” if any solution
Z(z) of H = 0 satisfies H{z"Z(1/x)) = 0.

THEOREM 3: Let H denote a well-poised hypergeometric operator. Then there
exists a non zero polynomial P, (z) of degree n satisfying:

(i) H((Pn)(=)) =0.
" Pp(1/z) = kPy(z) (ke C).
(i) If m + 1 denotes the order of H and
expSo = {1—bo,1—b1,1=bs,...,1=bp}, erpSe = {a0,a1,a2,...,am}

denotes the set of exponents at the singular points 0 resp oo of H, then
for 0 < k <m, by = 1, the “well-poised” relations

l—-n=ua+b

are satisfied.

(iii) Suppose that there exists another well-poised holomorphic solution Ro(x)
of H of the form Ry(z) = z°° f(x), f(0) # 0 whereoo =1—-b, > n+ 1.
Then

200 —n,00 — N, 00 — b2, ..., 00 — by,
— 00 3 3 ] ]
Ro(.’l?)—.%’ m+1Fm<1+0’0,0’0+1+b2,...,0’0+1+bm ILE

(within a multiplicative constant). Using the operator § = xa% we can

write this expression

(6 + 00 + 1)(55-n) 00 —n,00 —ba,...,00 — b
ag 0 ) » ’ m
! (00+1)(00—n) [mFm_l oo+ 1+by,...00+1+bm lilf ],

where (a), denotes the Pochammer symbol.
The rank of the local system related to 1 over Clz] is m.

Proof: Let us consider the hypergeometric operator H whose solutions at 0 are
given by the local system Sy of order m + 1.
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Suppose that a Riemann scheme related to this local system is given by

0 o 1
0 ag 0
1-— b1 (45} 1
R1 : 2 |.’II
1-b, am d

Since by assumption
H(Z)(z) =0 H(z"Z(1/z)) =0,

the local system related to the solutions £™Z(1/x) gives rise to a local system
at infinity. Then

EzpSe = {-n,1—-n+by,....1 =n+by} ={a0,01,...,am}.

Comparing these two sets of exponents permits us to obtain the well-poised
relations n +ap = 0 and, for 1 < k < m, 1 —b; = n+ ax, i.e. ay = —n,
1<k<m,a;+b,=1-—n. [ |

At infinity one exponent is a negative integer —n.

The Frobenius method ([In] pages 397-398) shows that the analytic function
at infinity satisfying #(Z(x)) = 0 can be written

n

n
Z(z) =Y c(l/x)™* =) ad
k=20 k=0
with ¢, # 0, and this proves that Z(z) is a polynomial.
Furthermore, if we assume that 1—b; = o9 is a positive integer with g9 > n+1,
then this local system can be rewritten

0 00 1

ao 200 ~n 0

0 Oop—1N 1
2°°R 1—b2—0'0 0'0—-Tl—b2 2|l‘

1—bm—00 Uo—n—bm d

This yields the expression of Rg(x) in a hypergeometric power series.
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Using the following ‘contiguity relation’ for a hypergeometric power series
(1.2)
ay +1,02,-..,am+1
) =ar.m+1F; x
) ot I ( bi,ba,. . b |

al,az,...,amH
(0+“1)m+1F'"( bi,bay ., b

oo — n times, we obtain

0.0(0+0'0+1)(o'0—n)[ F Uo—n,...,do—bz,do—bmlx ]
(@0 + 1) (50—n) m1\ oo+ 1+by,00+14bn :

Since the previous hypergeometric power series satisfies a Fuchsian differential

Ro(z) =z

equation of order m, the rank of the local system related to H over Clz] is m.

Remark 5: This relation shows that if S(ay,a2,...,am+1,b1,...,bn) denotes
the linear space of solutions of the general hypergeometric differential equation,
the first order differential operator (6 + a;) sends

S(a1,a2,. .. ,am+1,b1,...,bm)
into
S(a1 + 1,(12,. e ,am+1,b1,...,bm).
Since the hypergeometric operator H(ai,az, ..., am+1,b1,...,bn) satisfies

(0+a1)7{(a1,a2,.. ey Gnt1,01, - - .,bm)
=/}'l(a/l + 170'27"'aam+17b1’~"abm)(9+a’1)7

the operator (8 + a1) is a step-up operator for a;.
The following theorem gives an application of such a situation.

THEOREM 4: Suppose that Ro(z) satisfies a well-poised hypergeometric
differential equation of order m + 2. Then the local system related to Ro(x)
over C[z] is of rank m.

The Riemann symbol is

0 x 1
0 00 — N 0
go —No 1
Nm — Mo
(3.3) R |z
N — Np—2 m—1
Ny — Nip—1 N, a1

Ro(z) = 3 Au(@)Lix(2) + Ao(z)
k=1



Vol. 153, 2006 RATIONAL APPROXIMATIONS 25

is a holomorphic solution of

m m
(34) (6 + nm — 1) (6 ~ 00) — 2 [ (0 = 1) (6 + 00 — ) = 0.
k=0 k=0
(3.5) Ry(z) =
200—nm 00 —No,...,00 — Ny
g0 ’ ] 9
C(00)2°° myaFm+1 (1 b 0o 410 — T )1+ O Tt _nm|x> .

Here, C{og) denotes an arithmetic constant of normalisation. If cq > 1+ ng
([Ba,Ri], [Ri,Zu]),

_ gy — Nyn, —No, — N1, ..., —Np—1
B8 An) = maalns (| ST O ),
m—1
(3.7) or==200+(Mm+1)+2 Y ng—mdpy >1
k=0

(well-poised polynomials), and if we choose oq satisfying 1 > 1, then 4;(1) = 0.
In particular, Ry(1) gives Q linear forms in even or odd zeta values depending
on the evenness or oddness of m, m > 2.
If we put d,, =lem(1,2,...,n) we obtain
ARy (1) € Z¢(m)+ Z{(m—1) +---+ Z((3)+ Z
for m odd [Ba,Ri].

Remark 6: Ifng =ny = -+ = ny = n, the hypergeometric operator L of order
m + 3 related to the nearly-poised polynomial is

6™+ (6 - 00) (6 - g = 1) =28 =)™ (O + 00 —n) (0 + g +1) =0,

The nearly-poised polynomial related to this approximation is given by [Fil]

og—n,—2+1,-n,-n,...,~n
Am(x) =m+3Fm+2< 0 1_20-0 _n1 1 Il‘)
y T gty

and

n (gD 00— Ny =N, —N,..., =N

g Am(@) = (0 2) [m”Fm“ ( 1-05,1,...,1 |x> ]

Proof of Theorem 4: 'We use the result of the theorem (2.2) where one considers
the remainder (2.16).

Let us suppose the Fuchsian differential equation of the theorem (2.2) well-
poised and of order m + 2. The previous theorem shows that the local system
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related to this equation is of rank m, hence the polylogarithm function of
maximal weight related to this local system is Li,, (z).

The proof of the theorem (2.2) shows (using monodromy at 1) that the poly-
nomial A,,(z) satisfies the same Fuchsian differential equation as Ro(x) and this
polynomial is well-poised.

Now by application of Theorem 3, we can conclude that the Riemann scheme
related to this hypergeometric equation is given by

0 o0 1
0o Ooo 0
[4} —Tg 1
R €1 - 2 |.’L‘
em—1 : m-—1
0 —Tim o1

and we deduce that the hypergeometric well-poised polynomial is
Am(z) =

d ag — Ny, 09 — 10,00 — N1,y ... 00 — Np—1
™ 2F 1 1/z ).
mAimE 1—00,1+nO—nm—ao,~-~,1+nm—1—nm—ool/

This polynomial can also be written as

C(m,n)my2Fmu1 (1 _ 0?1 :Z(; _nrs;“ .71'1.,,-1- +_n:i1_ - |x> ,

where C(m,n) is a constant.

Now, comparison of terms of degree n in these two hypergeometric polyno-
mials gives C(m,n) = (—1)"m(m+1),

This yields the “well-poised” condition for the hypergeometric polynomial
Am(z).

If ¢*(n) denotes the coefficient of degree k of An,(z), then this well-poised
relation is equivalent to

(3.8) A n) = (=1 (n).

The other polynomials A,,_x(z) are given using the Frobenius method by
derivation with respect to the parameters.

It remains to show that if ¢~* denotes the term of degree k of Am—x(z),
then

clrcn,—k — (_l)nm(m+l)—kczz,_—kk'



Vol. 153, 2006 RATIONAL APPROXIMATIONS 27
The Frobenius method of derivation gives

m—k __
Ci =

dk m—k d m—k _ dk m—k
ﬁ(ct-{-k Ni=o and ¢ = @(Cn_(t%))h:o
and the well-poised relation for A,,_(z) follows easily.
Finding the remainder formula for Ry(z) is easy by use of the Riemann
scheme.

We find (within a multiplicative constant)

200 — my, 00 — Mo ..., 00 — T
Rol‘ = z%° 2F 1 ™ ’ m j.
() m+25mt 1+ao+n0—nm,...,1+oo+nm_1—-nml

Now the Fuchs relation must be satisfied, i.e.

m
200—22nk +mn, +0p =m+ 1.
k=0
The condition A; (1) = 0 is satisfied if and only if o3 > 1.

We can choose g1 such that (3.7) is satisfied. The Frobenius method,
monodromy or (in this particular polylogarithmic case), more easier, the
expansion of the remainder in a sum of partial fractions [Ri, Zu], gives the
other polynomials. |

At 1, we can write the remainder with Euler’s Gamma functions
(3.9
Ro(1) =
[Tio T + 00 + g — ny) [Tieo Tloo — ni + t)T'(200 — i, + t) it
Meeo Tloo — nx)T{(200 — nm) Jip [Tho T(A + 00 + 1k — g + )T(A +8)

The very well-poised polynomial gives a hypergeometric operator P(D) of order
m + 3 such that P(D){Ry(z)) = 0.

Remark 7: In [Ba] and [Ri], one puts oo = (r + 1)n + 1.
Since d > 1, we can apply Remark 5 to find the multiplicative normalisation
constant for the remainder,
((og — n —1))mnI™
(a0!)"

In this case, the polynomials A,,_(z) are those given by the theorem and, for

C(o) =

arithmetic reasons, we must find D,, € N such that

DnAn(z) € Z[2].
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In conclusion, we can take as multiplicative normalization constant

o—n—1(200-n—-1)!
({0 + 1))m1 ’

Cloo) = drm=1-2 12
the polynomials A, (x) being replaced by

—n—1!(og — 1)
g 90 W}fo ! 4(a) € Zfa).

3.2 DIFFERENTIAL EQUATIONS DILOGARITHM AND ({(2). This is a particular
case of the previous sections (see also [Beu], [Hu3], [Rh, V]).

Let us begin with simultaneous approximations of dilogarithms and loga-
rithms and consider the two linear forms

(3.10) Ro(x) = As(z)Lia(z) + A1 (x)log(l — z) + Ao(x),
(3.11) Ri(z) = Ax(z)logz + A1(z).
We put

c=dy+dy+ds+2, ordg Ro(x) =gy, ordy Rl(fl,‘) = 0].

Using the previous study, there exist polynomials Ag(z), A1(z), A2(z) whose
degrees are given by

deg Az2(2) = dz, degAi(z) =di, degAo(z) =do
with dy < d; < dp such that
oo+ 01 +e >o0.

The local system related to Ro(x) is also hypergeometric and one can find
without computation the differential equation related to this system.
Since, for instance,

(3.12) Liy(z) = —Lig(1l — z) + logzlog (1 — 2) + 72/6,
one can deduce that
Ro(z) =@(1 —z)+ Ri(1 —z)log(1 — )

where ®(1 — z) is an analytic function in 1 (a particular case studied in the
proof of Theorem 2).
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Then the system of exponents at 1 is
0,1,01) + (N),
oh=14+01+k —3.
The Fuchs relation gives
3=09g—dog~di—dator1+1+ 85,

or
og+oy20=09+0 + S, + ko + koo + k1,
which forces S, = ko = koo = k1 = 0.
The Riemann scheme of L is in this case

0 x 1
0 —-dp O
(3.13) R e —dy ]x ,

oo —dy 01

which gives (within a multiplicative constant) the following polynomial:

~dg,e; — dy, 0
do 2, €1 — 62,090
N 3F2( —dy +do +1, —d2+d0+1|1/x)

The remainder is also equal (within a multiplicative constant) to

—do,00 — dy,00 — d2‘
1+ 09,14+00—¢e;

560031”2(
For dy = di = da = n, we obtain
e1=0, op=2n+1, o =n+1,

and one recovers in this case the construction used in Apéry’s construction [Ap]
of rational approximations of {(2), namely

Az(a:):x%FQ( n,—n, n+1|1/ )

which can be written
1=
@=2 (1) (1)
1=0

The corresponding integral for the remainder is exactly that given by Beukers
[Beu].
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Let us recall that a, = A2(1) and b, = Ao(1) satisfy the recurrence equation

[Ap]
(n+ 1)%upgy ~ (11n? + 11n + 3) — nup_y = 0.

Since As(z) is a hypergeometric polynomial, we can find such a relation by use
of Zeilberger’s algorithm of creative telescoping [Ze].

4. Differential equation and approximations of {(3)

4.1 DIFFERENTIAL EQUATIONS AND SIMULTANEOUS APPROXIMATIONS OF ((2)
AND ((3). Let us recall Beukers’s method [Beu] concerning simultaneous
approximations of (2) and {(3).

Linear algebra shows that there exist four polynomials

As(z), A2(z), A1 (z), Ao ()
of degree n such that
Ry(z) = As(z)Lis(z) + A2(x)Lii(z) + Ar(z),
Ro(z) = 2A3(z) Lis(x) + A2(z)Lia(z) + Ao(2),
satisfying Ordg Ry (x) > 2n + 1, Ordg Ra(z) > 2n+ 1 and A2(1) = 0.

Remark 8: The main idea to motivate the introduction of Ra(z) comes from
the Frobenius method of perturbing the power series.
With this aim we introduce the function

o n+s
xr
Lik(z,8) = ) ——»
n=1 (n + S)

where s denotes a ‘formal’ variable. Since

OLiy(z,s)

s |s=0 = Lig(z)logz — kLixy1(x),

using the function
Ry (z,s) = As(x)Lis(x, s) + Ax(z)Lis (2, 8) + A1 (2, 5)2°

it is easily seen that we have

OR;(z,s)
0s

with A;(z) = A1(z, 8)|s=0 and Ag(z) = Qé%sf—’sllﬂo.

|s=0 = Ri(z)logz — Ra(x)
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We now put
(4.1) Ry(z) =logz.Ry(z) — Ra(x).

Considering the local system Clz](Li (), Lia(x), Liz(z)) one sees that we can
construct a linear differential operator L of order at least 4 such that, at 0,

Ry(z) =logz.Ry(z) — Ry(z)

is a solution of L = 0.
Monodromy around 0 shows that L(R;(z)) = 0.
Now if we put
R3(z) = As(z)logz + Az(2),

then monodromy around 1 shows that L(R3(z)) = 0.

Monodromy around 0 for Ry(z) = As(z) yields L(R4(z)) = 0.

We can conclude that Ra(z),Ri(z), Rs(x), Ry(z) are linearly independent
solutions at 0 of L = 0.

We can take the following ‘Levelt’ basis of solutions of L at 0,

Ry (x), R, (z), R3(z), Ry(z).

Since Ordg Ry (z) > 2n + 1 and Ordg Ra(z) > 2n + 1, it is easy to see that the
exponents of L at 0 are (2n + 1,2n+1,0,0) + (N), and that

do=4dn+2—-6+kyg=4n—4+ k.
At “00”, one finds (~n, —n, —n, ~n) + (N), and
boo = —4n — 6 + ko

At 1, we must verify that the three-dimensional initial-value problem is satisfied.
(See Theorem 1.)

At this singularity, the operator L has two holomorphic solutions R3(z) and
R4 (I)

We prove that R;(z) is logarithmic and belongs to the exponent 1. Indeed

Liz(z) = Qolx) + (1 — 2)(Q1(z) + Q2(z) log(1 - z))

and it suffices to remark that A(1) = 0.
Now Ry(z) can be written in the form

Ry(z) = Ur(z) + (1 — 2)*(Uz(z) log(1 — ) + Va(2)),
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where U;(z) denotes a polynomial of degree 1 and Uz(z) (resp Va(z)) are
holomorphic at 1 with V5(1) # 0.

It remains to verify that 2 is an exponent which comes from a holomorphic
solution.

If we suppose the solution related to L at this point is logarithmic, a factor on
the form log(1 — z)? should appear in the expression given by Ry(z) ([In] page
401). Tt is not the case, and 2 is an exponent which comes from a holomorphic
solution at 1.

We can also verify this point using monodromy. Indeed monodromy around
1 shows that (1 — £)2Us(z) is a holomorphic solution of L = 0 belonging at the
exponent 1.

This gives using Levelt’s theory the following exponents at 1 and the
“3”-dimensional problem is solvable.

The exponents are

0,1,2,1) + (N)

and 6y =4—-6+k = -2+ k.
According to the Fuchs relation, this differential equation of order 4 yields

—12=(4An—4+ ko) +(—4n -6+ koo) + (=2+ k1) + S,

or ko + koo + k1 + S, = 0. One concludes that the Riemann scheme related to
this equation is given by

0 x 1
0 -n 0
4.2 R|2n+1 -n 1|z
2n+1 —-n 2
0 -n 1

It is related to the differential hypergeometric equation
926 —2n—-1)2 —z(@ —n)t = 0.

It is also possible to find the form of the remainder, using the Riemann scheme
(see [Hu3]). One finds that R;(z) is equal (within a multiplicative constant) to

2n+1 n+l,n+ln+ln+l
(43) v 4F3( mtlomtll  T)

The normalization gives

(nh)4 22 n+1,n+1,n+1,n+1|x
((2n)H? n+1,2n+1,1 ’
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A straightforward computation shows that if one puts

o0
I (n+1,n+1,n+1,n+1|x> _ Zc(n)w"

2n+1,2n+ 1,1 oy
then
nh)? 0 [
(4.4) R2 (m) = %il'%*l a [E c(n + t)il?n+t] It:(),

which gives

5 oy et (M) n+ln+ln+ln+l
Ry(z) == 2n)? 4F3 om+1.9n+1.1 |z ) logz

(n+kN* [ 4 2 2\
+Z((2n+k)2k'2 §n+1+s mti+s s)o |

F n+1,n+1,n+l,n+1|x
473 n+1,2n+1,1

Remark 9:

can be written
1% n+ln+1,n+1,1
Hk]:[l(am)[ws( om s L 2 1.1 |x>}
_1ad 2" F. n+1,n+1,n+1lm
T nlden T 32 2n+1,2n+1 ’

Remark 10:
k

(n' = ((n+k)! 4 2 2
(1) = N2’ Z((2n+k)!)2‘k!2(§n+1+s_2n+1+s~§)

is equal to Beuker’s integral
/ / / :vyz(l —z)(1—-y)(1 - z))n dzrdyd:z
1-(1-zy)z 1-(1-2y)z

Now by the previous study, the polynomial Az(z) is also a solution of this
differential equation.

[Be2]!

This Riemann scheme gives, as in the proof of Theorem 2, the hypergeometric
polynomial

n,—n,—-n
As(x) = 4 <2n+1 2n + 1, 1|m)
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This corresponds by an easy transformation of the Riemann scheme to Apéry’s
polynomial [Ap]

oz -n,-n,n+1,n+1
o) = gnam (T ).
n

Let us recall the following definition [AAR].

Definition 5: A hypergeometric series
ag,d1y...,am
F bl bl k) x
b (403 )

is called Saalschutzian if x = 1, if one of the parameter a; (i.e. this series is a
polynomial) is a negative integer, and if

m m
1+ Zai = Zb’
1=0 =1

Asz(z) is “Saalschutzian”.

Now, it can be shown that by substituting x = 1 in the left hand side one

obtains
Rz (1) = 243(1)¢(3) + Ao(1)
with
l=n 2 2
n\ " /n+1 -n,—n,n+1,n+1

1=0
precisely the approximations that Apéry used in his irrationality proof for ¢(3).
(See also [Gu}, [Ne2] and [Hu3].)
Recall that Apéry’s original proof of the irrationality of ((3) made crucial
use of the fact that the numbers a,, b, := Ao(1) and r,, := Ra(1) satisfy the
second-order recurrence with polynomial coefficients,

(n+1)%an41 — (n+1)2 + 0% +4(2n + 1)*)a, + n*an_1 = 0.

Using the fact that As(x) is a hypergeometric polynomial, we can also find such
a relation by use of Zeilberger’s algorithm of creative telescoping [Ze].

There exists another method to compute the polynomials Ag(z) and the
remainders R; () and Ry(z) (see [Nel]). If we put

Y(x) = /La:t\Il(t)dt,
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the function ¥(¢) satisfies the recurrence equation of the first order

(t—n)!

(4.6) t+1)= S

s (1)
To solve (4.6) we must choose:
(1) The solution of this linear recurrence, which is a quotient of I' functions
modulo periodic functions of period 1.
(2) The path of integration L.
We choose, for example,

_ n?T(t — n)*
v(t) = Tt +1)2I(t — 2n — 1)2(sinwt)?”

After easy simplifications of the gamma factors, putting

({(t-1)(t—-2)---(t—n))?
RO = Garnes2 ~(an)e

)= J RO

We now expand R(t) into the sum of partial functions

a rational function, one finds

we find

b = (t+ KPR}z = (” * ’“) (’;)

n

ap = %(t + kY R(t)i=—k = ‘2bk(z + k) (kif))'

Jj=1

Thanks to residue calculus, we find for Ry(z) = Ra(z) + log zR: (z)

x2"+1< i R'(k)x(’“‘"‘l)) +< i R(k)x(’“'"‘l)) log z.

k=n+1 k=n+1

See the end of the proof in [Gu].
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5. Generalisation of Apéry’s construction

Let us consider the deformation of the linear form

Ro(z) = Ao(z) + Y _ Ax(x)Lix(2),

k=1
Ro(x,8) = Aoz, 8)2° + ) Ax(2)Lix(z, ),
k=1
with Ag(z,0) = Ap(z), and
~ 10
(5.1) Ryx(z) = “‘,8—(R0(37 5))|s=o0-

LEMMA 1: For every positive integer p we have

p (k+j—1

(5:2) Lip(z) = 1. ;pp(L’k(fﬂ $))s=o —Z:O(‘l)j(Z)i—j)!Lik+j($).(10g$)p_’

Taylor’s formula at s = 0 gives (formally)

63 Rolws) = Rol@) + 3 (L Au@)Lsl@) + Roslo)
p=1 k=1
where
P 1

Rop(z) =) maajAo(x 8)]s=0.(log z)"~

Jj=

Now if one puts
Bj(z) = 7 Ao(2,5)|s=0

and

(5.4) Ry (z) =) Ax(e)(-1)

we obtain for j =0,1,...,p
(5.5) =Y Rp;(z)(logz)" 7.
J=0

Having disposed of these preliminary steps, we can proceed analogously to the
proof of (2.2) for the p linear forms R; x(x), 0 < j < p.
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The new local system is, for 1 < j < p, generated by £, (z) and is of rank
m+ p+ 1 over C(z).

The same proof as in Theorems 3 and 4 and the previous section gives in the
first case (not well-poised) the following Riemann scheme related to (3.3):

Q o] 1
09 —nél) 0
0o —n(()p) p-1
0o 1] p
(5.6) R € -ny p+1liz
€2
€m—1 pt+tm

0 ~Nm o /

where for 1 < k < p, n(()k) denote the degree of the polynomials 9% A(x,0)/ds*.
The remainders are given (within a multiplicative constant) by

(5.7) Ro(z) = C(00)2”
1) ()
X F Go—Ng 5300 =Ny 2,00 — N, G0 ~ Ng, - - -, 00 — Ny .
m+P+1 m+p( 1,‘..7171""0—0~el?“')1+00_‘em—1 lx

If we put
Rolz) = 20 3 Cut™,
n=0

then the other remainders are given by the computation of

TR

- xo’o L3 C xn>| —o-
% (n+s) s=0

k! 0s —

5.1 AN EXAMPLE IN THE WELL-POISED CASE. We also can find the same kind

of formulae in the well-poised case. Puttingp=1,n9o=n1 =+ =np = n((Jl) =

n and with the results of Theorem 4, one obtains

(5-8) Ro(z) = C(00)z”

200 —n,00 — N, 00 —MN..., 00— N
><'rn—+—3F|m—|—2( ’ ’ ’ |$ ’

1+0’0,...,1+0’0
9 00
Ré(x) = & (xao+s Z C(n+s)wn> |s:0;

n=0
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then (within a multiplicative constant)
(5.9) Ry(x) = Ro(z)logz — [(m + 1) A (2) Lim+1(2) + - - - + 2A1(z) Liz(2)
+ 0Ao(z,0)/0s]

00— My, =N, —N,...,—TN
Am($)=m+2Fm+1( 01_0.011.“ 1 ll’)

If one chooses m + 1 odd, we have A,,_1(1) = --- = A3(1) = A1(1) = 0. This
gives the following linear form:

Ry(1) = (m + 1) A (1) Lim41 (1) + -+ + 545(1) Li5(1) + Ao(1).

This formula is important for arithmetic applications [Zul].
It is interesting to note that in the general case for p > 3, these formulae give
the rational simultaneous approximations of

for m and p odd integers [Zul].
If A;(1) =0 then
kti—1
(447
(p—J)!
If, for 1 < k < m, d is a denominator of A,(1), B;(1), i.e. such that dAx(1) € Z
resp dB;(1) € Z and off%j,k(l) is very small, then we obtain simultaneous rational

(5.10) Ry (1) =) Ap(1)(-1) C(k + 7) + B;(1).
k=2

approximations of
1,4 +2),( +3),---,¢(G + )

6. Hermite—Padé approximation of the second kind
for polylogarithmic functions

We try to find a polynomial P,,(z) of degree mN such that the following
conditions are satisfied:

Ri(1/z) = Pp(x)Li1(1/z) — Qi n(z) = O(1/zNF1),
Ry(1/z) = Pn(x)Liz(1/7) — Q2,n(2) = O(1/2™+Y),

(6.1) :
Ri(1/2) = P (2)Lim(1/7) — Qm,n(z) = O(1/zVH).
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For 1 < k <m, Qi n(z) are the polynomial parts of the expansion of
P (z)Lig(1/x).

Indeed these conditions yield m/N homogeneocus linear relations for the mN +1
coefficients of Pp(z).

Such a system always has a non trivial solution and so a polynomial P,,(x) Z 0
satisfying these conditions exists.

Now, using the construction of Lemma 1 and applying carefully the proof of
Theorem 2, we find the following Riemann scheme:

0 x 1

0 N+1 0

0 N+1 1
(6.2) R . ) .|

0 N+1 m-1

0 -mN 0

We obtain that
Ri(1/z), Ry(1/x),. .., Rn(1/x), Pp(x)

are solutions of the hypergeometric differential equation
(6.3) 6™t —z(@-mN)@+N+1)™ =0

and (within a multiplicative constant) P, (x) is given by the following hyper-
geometric polynomial:

—mN,N+1,N+1,... N+1
Pm(x)=m+1Fm( miN, N+ LN A + |x)

1,1,..., 1,1
mN m
mN\ (N +k k&
= E (-1)*z".
k k
k=0

In the particular case m = 1 we obtain (within a multiplicatve constant) the

(6.4)

Legendre polynomials.

One can use the following identity in C(z)(6) to prove that these polynomials
(called ‘Legendre type polynomials’) are effectively generalisations of Legendre
polynomials. Namely

DFeb =(0+1)---(6+k)

yields the relation

(65) Pr(2) = 7r—{(B+1)(8+2) - (0+N)}™y Fon (

_mN’l’l""’1|x
(N

1,1,...,1,1
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and the relation
—mN -mN,1,1,...,1
1F°( - |x> = m+1Fm ( 1,1,...,1,1 1"’)
gives for this hypergeometric polynomial the formula

1

(6.6) Pa(®) = 7

{DNzNy™{(1 — 2)™N}.

M. Hata ([Ha]) uses this formula to show that Pp,(z) is orthogonal on the interval
[0,1] to the m functions

' (logz)*, 1<j<N,0<k<m.
The classical Legendre polynomials
pv(2) = (1) Pi(2)
satisfy the recurrence formula
(6.7) (N + Dpyy1(z) — (N +1)(2z — 1)pn(2) + Npn—1(2z) =0
with
po(z) =1, pi(z) =221
and we recall that this gives the continued fraction expansion of log(l —1/z) at
x = 00.

This kind of recurrence was generalized by M. Hata [Ha], who proved that
such polynomials satisfy a three-term recurrence of the form

Pyi1(z) = (an.¢ + by).Pn(z) + cn.Pn-1(w).

If we know this recurrence explicitly, we can easily give a result of linear
independence for the family

1, Lil(x), L’Lz(d)), ey Lzm(m)

by use of Poincaré’s or Perron’s theorems on asymptotics of linear recurrences
(IMT] page 548).

Formula (6.7) gives the recurrence when m = 1. We can find it for m = 2
using the method of creative telescoping [Ze].
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