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ABSTRACT 

The aim of this paper is to investigate rational approximations to solu- 

tions of some linear Fuchsian differential equations from the perspective 

of moduli of linear differential equations with fixed monodromy group. 

One of the main arithmetic applications concerns the study of linear forms 

involving polylogarithmic functions In particular, we give an explana- 

tion of the well-poised hypergeometric origin of Rivoal's construction on 

linear forms involving odd zeta values. 
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1. In t roduc t ion  

The purpose of the present paper is to investigate rational approximations to 

solutions of certain Fuchsian linear differential equations from the viewpoint of 

the theory of moduli of differential equations with a fixed monodromy group. 

We shall only consider differential equations defined on the Riemann sphere, 

l~l ( C ) .  Given a family of analytic functions on FI(C), the existence of a lin- 

ear combination of its members with zeros of high order will be seen to follow 

from the study of the local behavior of Fuchsian differential equations. This, in 
turn, reveals a connection between Fhchsian differential equations and diophan- 

tine approximations of special Siegel G-functions. Riemann [Rie] initiated this 

viewpoint in his study of Gauss's continued fraction expansion of 

~a+l,b 
(1.1) 2 F l \  c + l  x)/2Fl(a'c bx) 
(see also [Hul]). 

More recently, G. V. Chudnovski [Chu2] has obtained many interesting re- 

sults about linear forms involving generalized hypergeometric functions. Sub- 

sequently, Y. Nesterenko [Nell, [Ne2] carried out more precise studies of this 

topic. 
Here, we obtain some formulae that play an important role in the theory of 

Pad~ approximation. 

Following Riemann, we use the notion of a local system to solve the realization 

problem: given a finite subset S of ]PI(C) that contains c~ and given local 

numerical data of rank m on Z =: ~1 (C)\S, we are asked to explicitly construct 

and analyze the behavior of Fuchsian differential equations that give rise to the 

given local system. 
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This construction comes from the choice of a basis of this local system which 

is "good" at every singular point. This basis is the Levelt basis [Le], [AB], a 

triangular basis which is related to the monodromy of this local system. 

If one uses this basis, it is very easy to find the exponents of the linear Fuchsian 

differential equation related to this local system. 

When the local system has no accessory parameters, that is, when it is "rigid" 

according to the terminology of Katz [Ka], the Fuchsian differential equation is 

unique and we obtain a Pad~ linear form as a special case of the contiguity 

relations. Here, we note that Katz [Ka] works only with irreducible differential 

equations, but in many special cases we extend his results to reducible equations 

related to polylogarithmic functions. 

The rigidity of the local system or, equivalently, the differential equation, has 

important arithmetic applications. In particular, the uniqueness of the equa- 

tion corresponding, respectively, to the generalized hypergeometric functions 

[Chu2] or to the polylogarithmic functions [Hul], [Nel], [Hu4] enables us to 

establish many new explicit formulae for Pad~ approximations. For example, 

since Meijer's G-functions [Gu] satisfy Fuchsian differential equations, they can 

be expressed in terms of approximants given by our method. 

Our results provide a new viewpoint for the study of linear forms involving 

polylogarithmic functions. We give a uniform exposition of certain aspects of 

the famous works of Apery on the irrationality of ¢(3) and generalize the con- 

structions of Ball, Rivoal and Zudilin [Ba], [Ri], [Zul], [Zu2] on the arithmetic 

of linear forms in odd zeta values. 
In particular, we provide a new exposition of the well-poised origin of Rivoal's 

construction. (See [Fill and [Fi2] for a recent account of the arithmetic nature 

of these functions.) 
Admittedly, our general method does not so far directly reproduce or ex- 

tend the famous arithmetic results obtained by the cited authors; our aim is to 

illustrate how ad hoc calculations can be replaced by a systematic procedure. 

In order to make our exposition self-contained, we shall first review in the 

next subsections some relevant background material, omitting the proofs. 

1.1 HYPERGEOMETR1C POWER SERIES. We begin with the following observa- 

tion and definition. 

Definition 1: Let F(X)  = ~m~=0 c(m)X m be a formal power series. 

We define the relatively prime polynomials P and Q by the relation 

c(m + 1) P(m) 

c(m) - Q(m)(m + 1) 
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where P and Q are relatively prime polynomials. The series F ( X )  formally 

satisfies the following differential equation: 

Q(O)F = XP(O)F  

where O = X~x.  

We refer, for instance, to [Er] for basic definitions of classical generalized 

hypergeometric power series pFq in a single variable x with parameters 

ai,bj, i = l , . . . , p ,  j = l , . . . , q .  

In this case it turns out that a factorization of the corresponding polynomials 

P and Q leads to the following classical definition: 

(1.2) pFq \ bi ,b2,. .  ,bq x = n=o (1)--~li~ "'(bq)n " 

Here (a)n is a Pochhammer symbol: 

(1.3) ( a ) o = l ,  ( a ) n = a ( a + l ) " ' ( a + n - 1 ) .  

1 . 2  F U C H S I A N  LINEAR D I F F E R E N T I A L  EQUATIONS W I T H O U T  ACCESSORY PARA-  

M E T E R S .  Consider Fuchsian linear differential equations of order m with p 

regular singular points 

(1.4) S = {al, a2 , . . . ,  a,-1, oc}. 

Denote by Lm,p this set of differential equations and let ¢(x) be the polynomial 

p--1 

¢(x) = I I ( x  - ai). 
i----1 

An element E of Lm,p c a n  be written 

¢1(x) Ore(x) 
(1.5) E :  + ¢(x)  + " "  + = 0 

where the polynomials ¢i(x) are of degree at most i(p - 2). 

One can deduce that the dimension 5 of this vector space is 

m 

=- + m .  

k = l  

One can identify Lm,p with the vector space C 5 . 

If V = Sol Lm,p is the vector space of solutions of E and G is the monodromy 

group of E, then V is a G module. 
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Remark 1: In [Chu3] this subspace V is called a Fuchsian module. See also 

[Ber] and [Ber, Beu]. 

Let us consider the set Sing of regular singular points of E and Exp(a) the 

set of exponents of E at a. 

For a regular singular point a, let us denote by IVal the number of linear 

conditions on E which are necessary and sufficient for the absence of logarithmic 

terms from the solution of this differential equation at a. In this case I Val is 

the number of holomorphic linearly independent solutions Ca(X) at a such that  

(x - a)ea~ba(X) is a solution of E belonging at the exponent ea. 

(If, at a singular point, one knows that  two exponents differ by a natural 

number then, in general, one has a logarithmic solution. 

Using a result of Ince [In] (page 404), we can find linear conditions such that  

all solutions relative to a particular exponent ea at a are free from logarithms.) 

We put 

IVl= IV l. 
aESing(a) 

We can conclude that  A is the space of moduli of a vector space Lp,m,V,G. 
If V and G are given, the vector space Lp,m,V,G depends on p, m, V, G; then 

its dimension is 

(1.7) 1AI [(p- 2) m ( 2 +  l) m] 1) = + - [ ( ~ , ~  - + tY l ] .  

The dimension I A] is known as the number of accessory parameters of an element 

E of Lm,p,V,G. 
If p = 3 and m = 1, we obtain IVI = 0 and IA[ = 0, that  is we have the 

famous Riemann P scheme [Rie]. (In general IAI > 0, but we do not study this 

case in this article.) 

If IAI = 0, then E is without accessory parameters. 

In this case, we can associate to E a p × m matrix called a "Riemann scheme" 

(or "Riemann symbol" ) RE which gives exactly the roots of the indicial equation 

at the regular singular points of E. 

The map between this Riemann scheme and E is one-to-one (see [Hu2]). The 

general case gives 

L (ala  el  e? . . .  
(1.8) RE= l e~ e~ ... e~ lx . 

2 oo \ e ~  e m . . .  em 
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In the sequel we only consider the hypergeometric case. 

1.2.1 The hypergeometric case. In this case 

p = 3 ;  t V l = ( m - 2 ) ( m - 1 ) / 2 .  

Since at 1 there exists a basis of m - 1 holomorphic solutions, we have 

0 , 1 , . . . , m - 2  

for the corresponding exponents. 

Let us give a sketch of the proof of the unicity of the Fuchsian differential 

equation E in this case. 

We consider the restriction E1 of the operator E to the subspace V1 generated 

by this basis of holomorphic solutions at 1. The operator E1 is of order m - 1 

and for this differential equation, 1 is an ordinary regular point. 

Furthermore, the fact that there does not exist at the singularity 1 any 

logarithmic solutions adds 

1 + 2 + . . . + m - 2  = IV[ 

(HF1) 

(HF2) 

(HF3) 

The elements of V are holomorphic on W. 

The elements of V are of finite order at O, oc, 1. 

If  zrl ( Z') denotes the group of all covering transformations of Z ~, to each 

E ~rl (Z') there corresponds an automorphism (~* of M ( W )  defined by 

Vw E W, Vf  E M ( W ) ,  ((F f ) (w)  = f(~w) 

new linear relations. 

1.3 LEVELT~S CONSTRUCTION OF THE HYPERGEOMETRIC DIFFERENTIAL 

EQUATION. The  following theorem,  which is Levelt 's  cons t ruc t ion  of 

the  hypergeomet r ic  differential  equat ion [Le], is the  main  tool  of our 

paper .  

Let 

Z' = PI(C)\{0, 1, co} 

and let W denote the universal covering of Z ~. Let M ( W )  be the field of 

meromorphic functions on W and p the projection of W onto Zq At each point 

of W, we can consider p to be a local parameter. 

THEOREM 1 (Levelt): Let V be an m-dimensional subspace over C of the vector 

space W m satisfying: 
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O.e. 6" is the monodromy's operator)• 

Then ~* is an automorphism of V. 

(HF4) Let 

(exp) 
Sing=0,1,oo 

be the sum of all the exponents; then 

Z (exp) = m(m - 1)/2 
Sing=O,1 ,oo 

(Fhchs relation). 
(HF5) The ( m -  1)-dimensional initial value problem at 1 is solvable (i.e. there 

exist m - 1 C linearly independent holomorphic functions of V at 1). 

(For a more precise and equivalent definition see [Le] theorems 2.8, page 381 

and 2.10, page 383). 
Then V is the solution space of the hypergeometric differential equation 

( : .9)  ((e - ? : ) (0  - 7 2 ) . - - ( 0  - ? ~ )  - x(0  + ~ : ) ( 0  + ~ 2 ) . . .  (0 + ~ ) ) ~ ( x )  = o. 

Its Riemann scheme is 

(I.I0) 

with 

(1.11) 

o ~o 1 ~ 
?: a: 0 

~/2 a2 1 
• . 

n 2{x 
. . . 

") 'm e l m  d 

m m 

i = 1  i = 1  

Let us suppose that  ?1 = 0, i.e. there exists a holomorphic solution f (x)  at 0 

for the hypergeometric operator.  

In general we put  

" ) , , = 1 - / ~ , ~ = 0 ,  "~2=1- /~2 ,  . . - ,  "7 .~ -1=1- /3 -~-1  

and within a multiplicative constant f (x)  is the hypergeometric power series of 

parameters 

a i , a 2 , . . . , a m ;  ~1,...,/3,~-i,13m=1. 
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T h e  last  e x p o n e n t  d a t  1 is v e r y  i m p o r t a n t .  If, in particular, its value 

is a nonnegative integer, then there exists a relation between f (x)  and the 

solutions at the singularity 1. This relation comes from the behaviour of the 

nonholomorphic solution at 1. It is easy to see that  we can write 

(1.12) f (x)  = p(x) + (1 - x)d(g(x) + h(x)log(1 - x)). 

Here p(x) is a polynomial of degree d - 1; g(x), resp h(x) are analytic at 1 and 

g(1), resp h(1) # O. 

We now introduce some more notation. Let 

Al(a),A2(a),...,Am(a) 

denote the roots of the indicial equation (local exponents) at a, which can be 

determined within a nonnegative integer, i.e. are of the form 

Al(a) -t- hi, A2(a) + n2, . . . ,  Am(a) + nm 

with (n l , r t2 , . . .  ,am) 6 N m. 

We shall write for short in the sequel 

(1.13) 

Definition 2: 

(1.14) 

We put 

{A1,A2,...,Am} + (N). 

5~ = E l k ( a )  -- m(m--  1)/2. 
k=l  

The Puchs relation can be rewritten as 

(1.15) E 5a = - m ( m -  i). 
aEP: 

If a differential equation is without accessory parameters, i.e. IA] = 0, we can 

manipulate its unique Riemann scheme (whe re  we m u s t  n o t  fo rge t  t h e  log- 

a r i t h m i c  so lu t ions! )  to find the equation E and the solutions of E.  Moreover. 

the global monodromy group of E is known but in general its computation is 

difficult. 

1 .4  T H E  RIEMANN-HILBERT PROBLEM AND PADI~-TYPE APPROXIMATION. 

Let S = 0, 1, sa, . . . ,  sk, oo. Put  U = I71 - S, choose a point p E U and let 

R: 7r: (U,p) --+ GL(n, C) 
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be a homomorphism.The Riemann-Hilbert problem (Hilbert's 21 st problem) 

asks whether there is a Fuchsian differential operator 

Y dx _ x - si 

(where sl = 0, s2 = I) and Vp a basis of solutions of 

,1.10, y = O  
dx _ x - s i  

with constant matrices Ai, such that  the monodromy map 

M: 7rl(U,p ) --~ GL(Vp)  

coincides with the given M for a suitable basis of Vp. For many special cases 

one knows that  this problem has a positive answer (in particular when M is 

unipotent [AB]). 

In fact, in this paper we only need the weaker version, which only asks for a 

regular singular differential equation with singular locus S and M equal to the 

monodromy map M. 

In this case the answer is positive (but this Fuchsian differential equation can 

have apparent singularities). 

Let 

F =  { f ~ , f 2 , . . . , f m } ,  

C(x)  linearly independent analytic functions at 0 (or at infinity) of equation 

(1.16). 

The analytic continuations of F on U generate a local system of rank m over 

C, therefore these analytic continuations of F at 0 (around 1, say) give for 

1 < k < ra a new basis 

(We put f~ = fk.) 
One can construct a matrix 

Q = (f~)l~k~m 
l<t< ,~  

whose columns are the solutions of equation (1.16). 

Using the weaker form of the Riemann-Hilbert problem we can obtain a 

Fuchsian system whose solutions are given by the columns of Q. 
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To construct this matrix we shall use Levelt's basis. 

This system is equivalent to a linear Fuchsian differential equation of order 

m, L(y) = 0 whose set of regular singular points S ~ = S U A is obtained by use 

of the cyclic vector's lemma. 

In general, the application of this lemma implies that  we must add to S a set 

A of apparent singularities. 

Now consider the linear form 

m 

RI(x) = A k ( x ) f k ( x )  

k---1 

where, for 1 < k < m, Ak(x) denote polynomials of degree nk. 
The analytic continuation of Rl(x) yields m linear forms (R 1, R~ , . . . ,  R m) 

which satisfy also a linear Fuchsian differential equation Lp(y) = 0. This 

differential equation depends on 

P = { d l , . . . , A m } .  

The set of regular singular points of Lp(y) is also S (but we must add new 

apparent singularities). Now suppose that  linear forms (R 1, R 2 , . . . ,  R m) satisfy 

some conditions at the singularities (Pad~-type conditions). Then we can show 

that  L and Lp are without accessory parameters and that  the operator Lp is 

unique. 

The remainder R 1 (x) and the set of polynomials P are completely determined 

by these conditions. 

We shall now apply this construction to the polylogarithmic system of 

functions. 

2. Analytic construction of  l inear  fo rms  of  p o l y l o g a r i t h m i c  functions 

2.1 APPLICATION TO THE POLYLOGARITHMIC CASE. The classical poly- 

logarithm for k E N* is defined as 

oo X n  

- -  x e C, Ixl _< l (2.1) Lik(X) =- 
n k '  

n----1 

and has an analytic continuation to the cut plane X. 

In the case k = 1, one recognizes the power series expansion of - log(1 - x). 

These polylogarithmic functions Lik(x) have an analytic continuation to X 

and may be conceived of as a 'multivalued' function on Z ~ (i.e. a function on 

W, the universal covering of Z~). 
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Let us recall the following integral formulae, 

fo z dt Lil(x) := - log(1 - x) = 1 - t '  

and for the higher logarithm 

Lik+l(X) := fo ~ Lik(t)dt't 

The relation 

(2.2) 
Lik(x) (1,...,1,...1 
- - X  =k+l Fk \ 2, 2, . . . ,  2 {x ] 

between Lik(x) and the hypergeometric power series is also useful. 

Now, the m + 1 functions 

1, log(1 - x ) , . . . ,  Li~(x) 
are Q(x) linearly independent, therefore the local system 

P£i(m) =: C(x){log(1 - x ) , . . . ,  Lira(x)} 
is of rank m + 1 over C(x). 

The monodromy group of this local system is well known; it is, in particular, 

unipotent. 

To find an "adapted" basis of this local system we use analytic continuation 

of Lil, Li2,..., Lim(X) along loops 71 and 70 based in a vicinity of 1 resp 0. 

We use the loops 

71, ~0 0 "Yl, • • • , 7 g  - 2  0 ~ 1 , 7 g  - 1  0 ~1 

to obtain the following matrix of "periods": 

(~ Lil(x)  "'Lira(x) 
2i7r.-. 2iTrlog (m-l) x/(m- 1)! 

(2.3) A(x) = ".. 

0 (2i7~)m-1(2iTr)m-1 logx 
• "- 0.-.(2i~r) m 

The second row is a result of the monodromy transform of the first row along 

a loop circling 1; the third row results from the monodromy transform of the 

second around 0 etc . . . .  

This (m + 1) × (m + 1) matrix can be view as a multivalued GLm+I (C)-valued 

matrix on 171(C) - {0, 1, oc}. 
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Remark 2: In fact, the local system P£i(m) is {CI(x) ,C~(x) , . . . ,Cm+I(X)}  

where Ck, 1 < k < (m + 1) denote the columns of A(x). 

Let us consider m + 1 polynomials 

A0 (x), A1 ( x ) , . . . ,  Am(x) 

such that  Am(x) is not zero and, for 0 < k < m, degAk(x) = nk. 
The linear form 

(2.4) Ro(x) = Ao(x) + Z Ak(x)Lik(x) 
k----1 

gives rise to  the  m new linear forms R1 (x),  I no(X) ) 
R1}x) 

(2.5) • = A(x)  

\ rim(x) 

R2 (x),.. ~, Rm ix), 

/  olx) 
Ak}x) 

A](x) 
I t  is i m p o r t a n t  to  n o t e  t h a t  Rm(x) = (2irr)mAm(x). 

These linear forms, which depend on 

m 

(2.6) a = Z ( n k  + 1) - 1 
k=0 

parameters, give rise to a new local system constructed as in (2.3), the first row 

of which is 

(Am(x), Am(x)Lil (x) + d~- I  (x), Am(x)Li2(x) 

+ Am-l(x)Lil(x) + dm-2(x), . . . ,  Ro(X)). 

This local system depends on the polynomials Ak(x), 0 < k < m. 
The rank of this local system over C[x] is also m + 1. It yields a family of 

linear differential Fuchsian operators ~ of order at least m + 1 such that  for 

0 < k < m ,  

L • ~ ~ L(Rk(x)) = O. 

2.2 A GENERAL P A D I ~ - T Y P E  CONSTRUCTION. Let us now consider the linear 

forms 

m 

(2.7) Ro(x) = Ao(x) + ~ Ak(x)Lik(x) 
k : l  
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and 

m 

(2.8) R1 (x) - 2i7r y ~  Ak (x)log k - 1  ( x ) / ( k  - 1)! 
k = l  

where the polynomials A0(x), . . . ,  Ak (x) are of degree rim. 

Let us suppose that nm <_ nm-1 <_ "'" <_ no. 

We put 
m 

a = E ( n k  + 1 ) -  1. 
k=O 

We give here a solution to the following problem. 

Given m positive integers a o , a l , e l , . . . , e m - 1 ,  

Ao(x ) , . . . ,  Ak(x) such that the functions 

can we find polynomials 

(2.9) Ro(x) = O(x)  

(2.10) Rl(X) = O(1 - x V  1, 

and such that 

(2.11) Rk(X) =O(x )  ek , 

where 

m - 1  

(2.12) ao + al + ~ ek >_ a? 
k = l  

The answer is given by linear algebra. We shall show that the C ( x ) ( d )  ideal 
dx 

IL of differential operators L such that for 0 < k < m, 

L(Ro(x) ) = 0 . . .  L(Rk(X) ) = 0, 

is "rigid", i.e. the operator L is completely determined by its local data (i.e. its 

Riemann scheme). 

Moreover, the construction of this operator L gives almost without calculation 

effective formulae for the polynomials Ak(x) (1 _< k _< m) and the remainder 

Ro(x) (depending only on the given data, namely ao, al, e l , . . . ,  em-1 and the 

degrees no, n l , . . . ,  nm of the polynomials Ak(x)). 

We can now formulate our main results. 
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THEOREM 2: Under the assumptions 

(2.13) nm <_ nm-1 <_ "" <_ no, 

the Riemann symbol related to this equation is 

(2.14) R 

0 oc 1 ' 
0"0 --nO 0 

el - n l  1 
e2 

. . . I x  

e r a - 1  m -- 1 

0 - - r i m  (71 

For 0 < k < m, the Rk(x) are solutions of 

m--1 m 

o(O- o) II 
k----1 j~--O 

If  a ~_ ao and nm <_ nm-1 ~_ "'" ~_ no, we have the following perfect Pad~ 

approximation, i.e. a = ao and within a multiplicative normalization constant 

(2.15) 
( - n m ,  a o - n m , e l - n m , . . . , e m - l - n m  [ 1 / x ) .  

Am(x)=xn '~m+lFm n m - n o + l , n m - n l + l , . .  , n m - n m - l + l  

This polynomial belongs to Z[x] and, if we set dn = lcm(1, 2 , . . .  n), 

dm-kAm_k(x)  e Z[x] 

for l < k < rn. 

Here, within the same multiplicative normalization constant 

n 

Am-k(X) = Z c(k)(n + t)lt=OXn' 
n ~ O  

where c(n) denotes the coet~cient of degree n in the polynomial Am(x) and, as 

usual, c (k) denotes the derivative of order k with respect to t. 

(2.16) R°(x) = Dnx~°m+l Fm ( a° - n°' a° - nl ' " " a° - nm 'x )  + ao, . . . , l + ao 

Here, Dn denotes the multiplicative constant which depends on the integral 

formula used to write the remainder. 
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For instance, use of the Euler-Riemann multiple integral for (2.16) gives 

m F nj)F(1 + n j )  
Dn = d~ m 1-I j=l (a0 - 

r ( 1  + ~o) m 

For an equivalent construction of Hermite-Pad~ approximations which uses 

"Nikishin systems" [Ni], see [Sor], [Ne3]. 

Remark 3: This differential equation permits us to guess the polynomials and 

the remainder of this Pad~ approximation using suitable Meijer-G functions. 

The solutions of this differential equation can be written in terms of Meijer-G 

functions. 

If we put no = nl . . . . .  nm = n, we will have 

a _ = ( 1 - a ~ , l + n , . . . , l + n ) ,  b = ( ao ,0 , . . . , 0 ) ,  
f~l,m-F1 , • (_l )mx)  Ro (x) = (~m+l,m+l ~a, o, 

= 1 fL F ( a o - s ) F ( s - a ~ ) F ( s - n )  m(_x)sd s 
2i~ 1 r ( 1 - ~ 0 + s ) r ( l + s ) ~  

(within a multiplicative constant). 

The curve L1 may be chosen to pass from -c~  to -c~ ,  encircling each of the 

poles of the function F(a0 - s), in the positive direction, but not including any 

of the poles of F(s - ao~) and F(s - n). 

Remark 4: For al  _> 1, we can choose the following formula for the remainder: 

I-Ikm=o F(ao - dk) 
R o ( x )  : r n -1  e k ) r ( 1  + ~0)  

1-Ik=o F(1 + ao - 

1 f l-Ik_o F(ao - dk + t ) r ( - t ) ( -x ) td t  

A 
. . . . .  , 

× 2i7r  (1-Ik-1 r (1  + ao - ek + t ) ) r (1  + ao + t) 

We can also write Ro(x) as the Euler-Riemann multiple integral but with 

another normalisation constant. 

For these choices the polynomials Am-k(x) are exactly those given by the 

previous theorem (without normalisation constant!). 

Proof.." Let us consider the linear form 

m 

Ro(x) = Ao(X) + E Ak(x)Lik(X). 
k=l  

We put Ordo Rm(x) = (~o. 
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Linear algebra shows that there exist Ak(x),  0 < k < m such that 

m - 1  

0"0 -~ iT1 -~- ~ e k >_ (7. 

k=l  

Using (2.5), we see that this form is related to the other linear forms obtained 

by use of analytic continuation of Ro(x) along loops based in a vicinity of 1 

resp. 0 (the monodromy around 1 and 0). 

These analytic continuations permit us to introduce the local system of rank 

m + 1 generated by (2.5); then 

R0(x),... ,R~(x) 

(the so-called "Levelt basis" [Le]) are sections at 0 of this local system and also 

solutions of a Fuchsian differential equation L of order at least m + 1. 

In particular, we can conclude that the polynomial A,~ (x) satisfies L(Am (x)) 

~ 0 .  

Thanks to Levelt's study [Le], we can compute the exponents at the singu- 

larities 0, c~, 1. 

(These Levelt bases are invariant under the local monodromy operator.) 

Consider  the  behavlour  of the  local sys tem 

(Ro(x),... ,Rm(x)) 

at 0. Since 

Rj(x) ,  1 < j < m - 1 

are logarithmic lower bounds the exponents at 0 are given by 

(0"0, e l  ~ • • •,  e r a -1 ,  O); 

here e l , . . . , e m - 1  denote positive integers which are lower bounds for the 

exponents. 

According to (1.14) we obtain 

m--1 

~0 = ~0 - m(m - 1)12 + ~ ek. 
k=l 

Consider the behaviour of the local system 

(Ro(x),... ,Rm(x)) 
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at  1. We use the fact that  the analytic continuation of 

( R o ( x ) ,  ( x ) ,  . . . ,R _l (X) ) 

is holomorphic, i.e. the m initial value problem at 1 is solvable (HF5) [Le] to 

obtain 

( 0 , 1 , . . . , m -  1,al)  + (N) 

and 

51 = al  + m + kl. 

But by a deeper use of the monodromy, we obtain a relation between the 

exponent of the logarithmic solution at 1 and al .  

We observe that  we can write Lik(x)/x as a particular hypergeometric series, 

therefore an analytic continuation of Lik (x) at 1 can be written 

(2.17) Lik(x) = Qko(X) + (1 - x)k-I(Qk(x) + Qk(x)log(1 - x)) 

where Q0 k (x) is a polynomial of degree k - 1, Qk (x), Q~ (x) power series analytic 

in 1 and Qlk(1) respQk(1) ¢ 0. 

It follows that  the analytic continuation of Ro(x) at 1 can be written 

ra  

Ro(x) =S(x) + ~ ( 1  - x)k-lQk(x)Ak(x) 
k = l  

(2.18) m 

+ x)k-lO (x)Ak(x)) log(1- x). 

Here, S(x) denotes a polynomial of degree at most n + m - 1. 

Monodromy around the singularity 1 gives 

Ro(x) -+ Ro(x) + 2i~ (1 - x)k-lQk(x)Ak(x) . 
\ k = l  

But since the monodromy around 1 yields 

Ro(x) Ro(x) + Rl(x), 

if we put rl(x) = R1 (x)/2i~r we obtain 

m 

(2.19) rl (x) = ~ ( 1  - x) k-lQk (x)Ak (x). 
k = l  

Consequently, the exponent related to R1 (x) is al + (N). 
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Moreover, since Q~(1) ¢ 0 then AI(1) = 0 if and only if al _> 1. 

C o n s i d e r  t he  b e h a v i o u r  of  t h e  local  s y s t e m  

(R0(x) , . . .  ,rim(x)) 

a t  i n f i n i t y .  

At "co", to study the analytic continuation of the functions Rj(x),  1 <_ j <_ 
m - 1  we have to suppose that n,~ <_ nm-1 ~_ "'" ~_ no (since to obtain exponents 

at this point it is easy to see that we must have -no  <_ - n l  < . . .  ~_ -nm) .  
Therefore, lower bounds +(N) are equal to - n l , - n 2 , . . . , - n m  and there 

exists only a problem for the analytic continuation of Ro(x). 

To find the analytic continuation at co of Ro(x), we must use (connexion 

formulae) [Oe] for Lik(x), namely 

(2.20) Lik(x) + (--1)kLik(1/X) -- (2i~r)k ' k ~  Bk (log x/2iT~) 

i 

where Bk(x) denotes the Bernoulli polynomial of degree k and (log x) the 

branch of log whose imaginary part is in ]0, 27~[. 

If we put 

(2.211 
m 

(1/x)~°cV(1/x) = -Ao(x)  + ~ Ak(x)(--1)k+lLik(1/x),  
k----1 

where V(1/x)  is analytic and not zero at c~, and 

(2.22) u(1/x) fi (2/~)k ' = -  Ak(x)-------~-. Bk(log x/2i~),  
k----1 

then if we put 

(2.23) w(1/x)  = ( 1 / x ) ~ v ( 1 / x )  + u(1/x) 

we easily get exponents at co, namely 

( a ~ , - n l , - n 2 , . . . , - n m )  + ( ~  

with 

(2.24) - no _< a ~  _~ 0, 
m 

~ = ~ - ~ nk - m(m - 11/2 + k~.  
k = l  
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The Fuchs relation gives 

m--1 

- r n ( m  + 1)/2 = (ao  - m ( m  + 1)/2 + E ek + ( a ~  + no) 
k = l  

- E n k  - m(m + 1) /2  + k~  
k=O 

+ ( a l  - m + k a ) + S a  

o r  
m 

( a ~  + n o )  + ao + al + ko + kl + k ~  + Sa = E nk + m,  
k=0 

m - 1  
which yields with the conditions ao + al + Y~k=l ek < O 

m - 1  

(cr~ + n o ) +  E ek + k l  + k ~  + Sa < O. 
k = l  

Since a ~  >_ - n o  then 

kl = k~ = Sa = 0, 

which establishes that  the operator L is hypergeometric of order m + 1. 

The Riemann scheme of L is in this general case 

(2.25) n 

o ! 
cro Ooo 0 

el - n o  1 
e2 - n l  2 

era_  1 m - 
0 - - r i m  (71 

Ix 

1 

This Riemann scheme can also be identified with 

X a° R 

0 a ~  - ao 0 

el - ~o ao - no 1 
e2 - ~ o  ~ o  - n l  2 

e r a - 1  -- GO m -- 1 

--ao fro -- nm al  

Ix 

which is equivalent to (2.25)• 
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Since the remainder Ro(x) belongs to the exponent "a0" of the previous 

Fuchsian local system, Ro(x) can be written 

(2.26) 

~ ( x )  = 1-I~1 r(go - nj)r(1 + n~)so  
r(1 + go)" 

O" 0 - -  r t O ,  O" 0 - -  r t l , g  0 - -  r t 2 , . . .  ,gO - -  nrn jX ~ 
x m + l F m  l + g o ,  l + g o - e l , l + g o - e 2 , . . . , l + g o - e m - 1  ) 

also written 

(2.27) riO f i  a o - n k - 1  tk)n~+el¢-i  t k (1 - dt l  . . .  dtm. 
,x]m (1 - t i t 2 " "  tm) ~°-nm 

k = 0  

The use of the last row of (2.18) (or monodromy around "1"), shows that  

Am(x) is a solution of the same hypergeometric differential equation. 

To write this polynomial we use the Fuchsian local system for the local variable 

1/x  at infinity. The Riemann scheme can be identified with 

o ~ i 
goo -t- n m  go -- rtm 0 
n m  -- no e l  - n m  1 

e2 -- n m  2 

n m  -- ~tm-1 e m - 1  -- n m  m - 1 
0 --rim 61 

I1/x 

It follows easily that  

(2.28) 
- - 1 2 m ,  0"0 - r i m , e l  - l t m , . . . , e m - 1  - r i m  

A m ( x ) = x n ' m + l F m  l + n o - n m ,  l + n l - n m , . . . , l + n m - l - n m  I1/x) . 

Now if a0 >_ a, then al = el . . . . .  era-1 = 0 and we obtain the formulae for 

the Pad~ approximation of the first kind. 

If no = nl . . . . .  n m =  n, we have 

(2.29) Am(x)=xnm+lFm( ao-n'-n'-n'''''-n ) 
1 , 1 , 1 , . . . , 1  I1/x 

or, for arithmetic applications, 

) (2.30) Am(x) = E ( - - 1 ) k ( m + l ) ( n ~ m (  a ° -  1 
k=o \ k ]  \ k xn-k ~ Z[x]. 
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Moreover, for 1 < l < m the polynomials Am-l (x) (within the same multiplica- 

tive constant) are given by the Frobenius method of derivation with respect to 

the parameters [In]. 

3. Well-poised hypergeometric polynomials and  

R ivoa l ' s  c o n s t r u c t i o n  

We establish in this section a relation between our constructions of Fuchsian 

linear differential equations and the nice results of Ball, Rivoal [Ba], [Ri] and 

Zudilin, [Zul], [Zu2] on the arithmetic nature of the odd zeta values. 

In order to get arithmetic results, these authors require that for 0 < k < m 

the polynomials Ak (x) are subject to the "almost reciprocal condition", i.e. 

(3.1) Ak(x )  = ( - -1 )~ -kxnAk (1 /X ) ,  

where, as in the previous section, a = (m + 1)(n + 1) - 1 and Ro(x)  = O(x)  ~° • 

The following theorem provides a natural construction via linear differential 

equations of their linear forms involving polylogarithms and odd zeta values. 

Let us recall the following definitions. 

Definition 3: If the parameters in the hypergeometric power series 

satisfy the relations 

(3.2) 

~ao,al,...am ) 
m+lFm ~, b l , . . . , b m  Ix 

ao + 1 = al + bl . . . . .  am -f" bm, 

the series is said to be well-poised. 

The series is said to be very well-poised if it is well-poised and, moreover, we 

have the relation 
1 

al = ~a0 + 1. 

The series is said to be nearly poised if all but one of the pairs of parameters 

have the same sum. 

The very well-poised condition permits us to have a shifting in the relation 

(3.16). (See [Fill.) 
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3 .1  WELL-POISED POLYNOMIALS AND HYPERGEOMETRIC DIFFERENTIAL 

EQUATIONS. 

Definition 4: Let 7/ = 7/(A,B) denote a linear Fuchsian hypergeometric 

differential of order m. The operator 7/is said to be "well-poised" if any solution 

Z(x) of 7 / =  0 satisfies 7/(xnZ(1/x)) = O. 

THEOREM 3: Let 7 /denote  a well-poised hypergeometric operator. Then there 

exists a non zero polynomial Pn (x) of degree n satisfying: 

(i) 7/((P~)(x)) = 0. 

x pn(1/x) = kPn(x) (k e C*). 

(ii) f f  m + 1 denotes the order of 7/and 

expSo= {1-bo, l - b l , l - b 2 , . . . , 1 - b m } ,  e x p S ~ =  (ao, a l ,a2 , . . . ,am} 

denotes the set of exponents at the singular points 0 resp co of 7/, then 
for 0 < k < m, bo -~ 1, the "well-poised" relations 

1 - - n = a k  +bk 

are satisfied. 

(iii) Suppose that there exists another well-poised holomorphic solution Ro ( x ) 
of 7{ of the form Ro(x) = x~° f(x),  f(O) ~ 0 where ~o = 1 - bl > n + 1. 
Then 

( 2 a o - n ,  a o - n ,  a o - b 2 , . . . , a o - b m  ) 
Ro(x)=Xa°m+lFm l + a o , a o + l + b 2 , . . . , a o + l + b m  I x 

(within a multiplicatwe constant). Using the operator ~ = x ~  we can 

write this expression 

(O ÷a°  + l)(~°-n) [mFm_l ~ a ° - n ' a ° - b 2 ' ' ' ' ' a ° - b m  )Ix ] xaO 
(a0 + 1)(ao-n) \ a0 + 1 + b2,...ao + 1 +bm J' 

where (a)n denotes the Pochammer symbol 
The rank of the local system related to 7 /over  C[x] is m. 

Proof'. Let us consider the hypergeometric operator 7/whose solutions at 0 are 

given by the local system So of order m + 1. 
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Suppose that  a Riemann scheme related to 

0 (x) 

0 ao 
1 - bl aa 

R1 

1 ~ bm am 

Since by assumption 

this local system is given by 

1 ' 
0 
1 

2ix 

d 

= o .  n ( x n Z ( 1 / x ) )  = o, 

the local system related to the solutions x n z ( 1 / x )  gives rise to a local system 

at infinity• Then 

E x p S ~  = { - n , 1 -  n + b x , . . • , l  - n +  bin} = { a o , a 1 , • . . , a m } .  

Comparing these two sets of exponents permits us to obtain the well-poised 

relations n + ao = 0 and, for 1 _< k _< m, 1 - bk -= n + ak, i.e. ao = --n, 

l < k < m ,  a k + b k = l - n .  | 

At infinity one exponent is a negative integer - n .  

The Frobenius method ([In] pages 397-398) shows that  the analytic function 

at infinity satisfying 7-t(Z(x)) = 0 can be written 

f i  n 

Z ( x )  = Ck(1/X) - k  = Z ckxk 
k~0 k=0 

with Cn ~ 0, and this proves that  Z ( x )  is a polynomial. 

Furthermore, if we assume that  l - b 1  = ao is a positive integer with a0 _> n + l ,  

then this local system can be rewritten 

0 

x ~° R 1 - b2 - ao 

1 - b m  - ao 

This yields the expression of Ro(x)  in a hypergeometric 

0 ~ 1__ ' 

O'o 2ao - n 0 
ao - n 1 

a o - n - b 2  2[x 

• ° 

ao - n - b m  d 

power series. 
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Using the following 'contiguity relation' for a hypergeometric power series 

(1.2) 

( a l , a 2 , . . . , a m +  1 ) al.m+lVm Ca1 + X , a 2 , " ' , a m + l [ x )  
(O + al)m+xFm ~ bl,b2, ..,bin x = b l , b 2 , . . , b m  

ao - n times, we obtain 

(O + ao + 1)(~o-, ) mFm-1 
Ro(x) = x ~° (ao + 1)(~o-n ) , a0 + 1 + b2, ao + 1 +bm Ix . 

Since the previous hypergeometric power series satisfies a Fuchsian differential 

equation of order m, the rank of the local system related to 7-/over C[x] is m. 

Remark 5: This relation shows that  if S(al, a 2 , . . . ,  am+l, b l , . . . ,  bin) denotes 

the linear space of solutions of the general hypergeometric differential equation, 

the first order differential operator (0 + al) sends 

S ( a l , a 2 , . . . , a m + l , b l , . . . , b m )  

into 

S(a l  + 1, a2, . . . ,  am+l, b l , . . . ,  bin). 

Since the hypergeometric operator 7-/(al, a2 , . . . ,  am+l, b l , . . . ,  bm) satisfies 

(0 + al)7-/(a1, a2 , . . . ,  am+l ,b l , . . . ,  b,~) 

= 7-l(al + 1,a2,. . .  ,am+l,bl , . . . ,  bm)(~ + al),  

the operator (8 + al) is a step-up operator for al. 

The following theorem gives an application of such a situation. 

satisfies a well-poised hypergeometric 

Then the local system related to Ro(x) 
THEOREM 4: Suppose that Ro(x) 

differential equation of order m + 2. 

over C[x] is of rank m. 

The Riemann symbol is 

(3.3) R 

o oo ! 
0 ao - n m  0 

ao -no  1 
?%m -- ~0 

nm -- nm-2 m - 1 
\nm -- rim_ 1 --?% m (71 

m 
Ro(x) = E Ak(x)Lik(x) + Ao(x) 

k=l 

Ix 
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is a holomorphic solution of 

m m 

(3.4) I I  (e + ~ - n ~ ) ( e  - go)  - x I I  (e - ~k)(O + ~o - n ~ )  = o .  
k = O  k----0 

(3.5) Ro(X) = 

( 2 a o - n m , a o - n o , . . . , a o - n m  i x ) .  
C(g°)X~°m+2Fm+l l + go + no - nm,. . . , l + go + nm_l - nm 

Here, C(go) denotes an arithmetic constant of normalisation. I f  go > 1 + no 
([Ba,Ri], [Ri,Zu]), 

( g o - n m , - r t o , - n l , . . . , - n m - 1  Ix) ,  
(3.6) Am(x)=m+2Fm+l 1 - g o ,  l + n 0 - n m , . . . , l + n m _ l - n m  

m - 1  

(3.7) gl = - 2 g 0 + ( m + l ) + 2 Z n k - m d m > _ l  
k----O 

(we11-poised polynomials), and if  we choose go satisfying gl >_ 1, then A1 (1) = 0. 

In particular, R0(1) gives Q linear forms in even or odd zeta values depending 

on the evenness or oddness of m, m >_ 2. 
If  we put dn = lcm(1, 2 , . . . ,  n) we obtain 

d~R.~(1) ~ Z~(m) + Z ¢ ( m -  1) + . . .  + ~¢(3) + 

for m odd [Ba,Ri]. 

Remark 6: If no = n~ . . . . .  n m =  n, the hypergeometric operator L of order 
m + 3 related to the nearly-poised polynomial is 

_ _ _ n 1 )  0. n 1) _ x(e _ n)m+l(e + go _ n) (e + ~ + = em+l(~ go)(e 
The nearly-poised polynomial related to this approximation is given by [Fill 

Am(x)=m+3Fm+2(  g ° - n ' - ~ + l ' - n ' - n ' ' ' ' ' - n  ) l - g o , - ~ , l , . . . , 1  Ix 

and 

n ( ) 
Proof of Theorem 4: We use the result of the theorem (2.2) where one considers 

the remainder (2.16). 

Let us suppose the Fuchsian differential equation of the theorem (2.2) well- 

poised and of order m + 2. The previous theorem shows that the local system 
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related to this equation is of rank m, hence the polylogarithm function of 

maximal weight related to this local system is Lira(x) .  

The proof of the theorem (2.2) shows (using monodromy at 1) that the poly- 

nomial A m ( x )  satisfies the same Fuchsian differential equation as Ro(x) and this 

polynomial is well-poised. 

Now by application of Theorem 3, we can conclude that the Riemann scheme 

related to this hypergeometric equation is given by 

(7 O O'oc 0 1 

eo --no 1 

R el - n l  2 ix 

em-1  m - 1 

O - n  m o'1 

and we deduce that the hypergeometric well-poised polynomial is 

A m ( x )  = 

xd"m+2Fm+l  1 - (70, 1 + no -- n m -  ~7o,. • •, 1 + nm-1  - n m  -- (70 

This polynomial can also be written as 

ao - n m , - n o , - n l , . . .  - nm-1 ix ) 
C ( m , n ) m + ~ F m + l  1 - a o ,  l + n 0 - n m , . . . , l + n m - l - n m  

where C ( m ,  n)  is a constant. 
Now, comparison of terms of degree n in these two hypergeometric polyno- 

mials gives C ( m ,  n) = ( -1)  nm(m+l). 

This yields the "well-poised" condition for the hypergeometric polynomial 

A m ( x ) .  

If c~.(n) denotes the coefficient of degree k of A m ( x ) ,  then this well-poised 

relation is equivalent to 

(3.8) c ~ ( n )  : (--1)~m(m+l)Cm_k(n). 

The other polynomials A m - k ( x )  are given using the Frobenius method by 

derivation with respect to the parameters. 
m - k  denotes the term of degree k of A m - k ( x ) ,  It remains to show that if c k 

then 
m - k  = (_l)nm(m+l)-kCmn_-:. C k 
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The Frobenius method of derivation gives 

d k d k 
cr~-k m - k  m - k  [crn-k ~l 

Cn-k dt k [ n-(tWk))lt--O = ~ ( C t + k  )It=0 and = 

and the well-poised relation for Am-k  (x) follows easily. 

Finding the remainder formula for Ro(x) is easy by use of the Riemann 

scheme. 

We find (within a multiplicative constant) 

Ro(x)=x~'°m+2Fm+l l + a o + n o - n m , . . . , l  + a o + n m _ l - n m  

Now the Puchs relation must be satisfied, i.e. 

m 

2ao - 2 E nk + mnm + crl = m + l .  
k=0 

The condition A1 (1) = 0 is satisfied if and only if ~1 _> 1. 

We can choose O" 1 such that (3.7) is satisfied. The Probenius method, 

monodromy or (in this particular polylogarithmic case), more easier, the 

expansion of the remainder in a sum of partial fractions [Ri, Zu], gives the 

other polynomials. | 

At 1, we can write the remainder with Euler's Gamma functions 

(3.9) 
P~(1) = 

l-Ik~o r(1  + Oo + nk - urn) [ l-Ik~o r(ao  - nk + t)r(2ao - n m  + t )  d t  

I-Ik=o r ( a o ' ~  - ~ - ~ - -  ~ )  JL l-L=o~r(1 . . . . .  + oo + nk--  ~-~ ~---t~-(i ~--7) ' 

The very well-poised polynomial gives a hypergeometric operator P(D)  of order 

m + 3 such that P(D)(Ro(x) )  = O. 

Remark 7: In [Ba] and [Ri], one puts 0o = (r + 1)n + 1. 

Since d _ 1, we can apply Remark 5 to find the multiplicative normalisation 

constant for the remainder, 

Via)  = ((ao - n - 1)!)mn! m 
(~o!) n 

In this case, the polynomials Am-k(X)  are those given by the theorem and, for 

arithmetic reasons, we must find Dn E N such that 

DnAm(x)  e Z[x]. 
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In conclusion, we can take as multiplicative normalization constant 

C(ao) = dmn ~m-l-2r (ao - n - 1)!(2ao - n - 1)! 
• ( ( a o  + 1 ) ! )  m - 1  ' 

the polynomials Ak (x) being replaced by 

dm_kn(aO - n  - 1)!(ao - 1)!Ak(x ) E Z[x]. n!2r+l 

3.2 DIFFERENTIAL EQUATIONS DILOGARITHM AND 4(2). This is a particular 

case of the previous sections (see also [Beu], [Hu3], [Rh, V]). 

Let us begin with simultaneous approximations of dilogarithms and loga- 

rithms and consider the two linear forms 

(3 .10)  

(3.11) 
Ro(x) = A2(x)Li2(x) + Al(x)log(1 - x) + Ao(x), 

Rl(X) = A2(x) logx  + Al(x) .  

We put 

a = d o + d l + d 2 + 2 ,  ordoRo(x)=ao ,  o r d l R l ( X ) = a l .  

Using the previous study, there exist polynomials Ao(x), A1 (x), A2 (x) whose 
degrees are given by 

degA2(x) = d2, degAl(X) = dl, degAo(x) = do 

with d2 < dl _< do such that 

a 0 + a l + e l  > a .  

The local system related to Ro(x) is also hypergeometric and one can find 

without computation the differential equation related to this system. 

Since, for instance, 

(3.12) Li2(x) = -Li2(1  - x) + logxlog (1 - x) + 7r2/6, 

one can deduce that 

R o ( x )  = ¢ ( 1  - x)  + R1(1  - x)  log  (1 - x)  

where ~(1 - x) is an analytic function in 1 (a particular case studied in the 

proof of Theorem 2). 



Vol. 153, 2006 RATIONAL APPROXIMATIONS 

Then the system of exponents at 1 is 

The Fuchs relation gives 

or  

(0,1, ol) + (N), 

61 = 1 + a l  + k l  - 3 .  

3 = ~r0 - do - d l  - d2 q-al  q- 1 + Sa 

if0 q- a l  >_ Cr ----- GO -{- Crl + Sa q- k0 q- koo q- kl, 

which forces Sa = ko = k~o = kl = 0. 

The Riemann scheme of L is in this case (o 1) 
(a.la) R -do 0 Ix 

el - d l  1 ' 

ao -d2  al  

29 

which gives (within a multiplicative constant) the following polynomial: 

xd23F2 ( -d2, el - d2, ao - d2 
-d2 + do + 1, -d2  + do + 1 I1/x/" 

The remainder is also equal (within a multiplicative constant) to 

x,rO3F2 ( a o - d o , a o - d l , ° ' o - d 2  ) 
l+ao, l + a o - e l  Ix " 

For do = dl = d2 = n, we obtain 

el = 0 ,  a o = 2 n + l ,  a l = n + l ,  

and one recovers in this case the construction used in Ap6ry's construction [Ap] 

of rational approximations of ~(2), namely 

A2(x)=x 3 2 1,1 I1/x ' 

which can be written 

/----0 

The corresponding integral for the remainder is exactly that  given by Beukers 

[Seu]. 
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Let us recall that an -- A2(1) and bn : A0(1) satisfy the recurrence equation 

[Ap] 

(n + 1)2Un+l - ( l l n  2 + l l n  + 3) - n~Un_l = O. 

Since A2(x) is a hypergeometric polynomial, we can find such a relation by use 

of Zeilberger's algorithm of creative telescoping [Ze]. 

4. Di f fe ren t ia l  equation and approximations of  ~(3) 

4.1 DIFFERENTIAL EQUATIONS AND SIMULTANEOUS APPROXIMATIONS OF ~(2) 

AND ((3). Let us recall Beukers's method [Beu] concerning simultaneous 

approximations of ¢(2) and ~(3). 

Linear algebra shows that there exist four polynomials 

A3(x), A2 (x), AI(X), A0 (x) 

of degree n such that 

RI(X) = A3 (x)Li2 (x) + A2 (x)Lil (x) + A1 (x), 

R2(x) = 2A3(x)Li3(x) + A2(x)ii2(x) + Ao(x), 

satisfying Ord0 Rl(x) >_ 2n + 1, Ordo R2(x) > 2n + 1 and A2(1) = 0. 

Remark 8: The main idea to motivate the introduction of R2(x) comes from 

the Frobenius method of perturbing the power series. 

With this aim we introduce the function 

oa Xn+s 
Lik(X,S) 2_. (n + s)k' 

n=-i 

where s denotes a 'formal' variable. Since 

OLik(x, s) 
Os Is=o = Lik(x)logx -- kLik+l(x), 

using the function 

R1 (x, s) = A3 (x)ni2 (x, s) + A2 (x)Lil (x, s) + AI(X, s)x s 

it is easily seen that we have 

onl(x,  s)Is=o = nl (x) logx  - n2(x) 
Os 

OAI(x,s) with Al(X) = A1 (x, s)l~=o and Ao (x) = o~ s=O- 
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We now put 

(4.1) /)2 (x) = log x.R1 (x) - R2 (x). 

Considering the local system C[x](Lil (x), Li2(x), Li3(x)) one sees that  we can 

construct a linear differential operator L of order at least 4 such that,  at 0, 

/)2 (x) = log x.R1 (x) - R~ (x) 

is a solution of L = 0. 

Monodromy around 0 shows that  L(RI(x))  = O. 
Now if we put 

R3 (x) = A3 (x) log x + A2 (x), 

then monodromy around 1 shows that  L(R3(x)) = O. 
Monodromy around 0 for R4(x) = A3(x) yields L(R4(x)) = O. 
We can conclude that  /)2 (x), R1 (x), R3 (x), R4 (x) are linearly independent 

solutions at 0 of L = 0. 

We can take the following 'Levelt' basis of solutions of L at 0, 

Rl(X),Y~2(x),R3(x),R4(x).  

Since Ord0 Rl(x)  >_ 2n + 1 and Ord0 R2(x) :> 2n + 1, it is easy to see that  the 

exponents of L at 0 are (2n + 1, 2n + 1,0, 0) + (N), and that  

50 = 4 n + 2 -  6 +  k0 = 4 n - 4 +  k0. 

At "co", one finds ( - n , - n , - n , - n )  + (N), and 

500 = - 4 n  - 6 + k~.  

At 1, we must verify that  the three-dimensional initial-value problem is satisfied. 

(See Theorem 1.) 

At this singularity, the operator L has two holomorphic solutions Ra(x) and 

R 4 ( x ) .  

We prove that  R1 (x) is logarithmic and belongs to the exponent 1. Indeed 

Li2(x) = Qo(x) + (1 - x)(Ql(x)  + Q2(x) log(1 - x)) 

and it suffices to remark that  A(1) = 0. 

Now/)2(x) can be written in the form 

= U (x) + (1 - x) (U (x)log(1 - x)  + 
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where Ul(x) denotes a polynomial of degree 1 and U2(x) (resp V2(x)) are 

holomorphic at 1 with V2(1) ~ 0. 

It remains to verify that  2 is an exponent which comes from a holomorphic 

solution. 

If we suppose the solution related to L at this point is logarithmic, a factor on 

the form log(1 - x) 2 should appear in the expression given by R2(x) ([In] page 

401). It is not the case, and 2 is an exponent which comes from a holomorphic 

solution at 1. 

We can also verify this point using monodromy. Indeed monodromy around 

1 shows that  (1 - x)2U2(x) is a holomorphic solution of L = 0 belonging at the 

exponent 1. 

This gives using Levelt's theory the following exponents at 1 and the 

"3"-dimensional problem is solvable. 

The exponents are 

(0, 1,2, 1) + (N) 

and (~1 = 4 - 6 + kl = - 2  + kl. 

According to the Puehs relation, this differential equation of order 4 yields 

-12  = (4n - 4 + ko) + ( - 4 n  - 6 + koo) + ( -2  + kl) + Sa 

or k0 + koo + kl + S~ = 0. One concludes that  the Riemann scheme related to 

this equation is given by 

(4.2) l 
0 ] 
0 - n  

R 2 n + l  - n  l l x  . 

2n+l -n 21 ) 0  -n 

It is related to the differential hypergeometric equation 

02(0 - 2n - 1) 2 - x(O - n) 4 = O. 

It is also possible to find the form of the remainder, using the Riemann scheme 

(see [Hu3]). One finds that  R1 (x) is equal (within a multiplicative constant) to 

(4.3) x2n+14F3( n+l'n+l'n+l'n+l ) 
2 n + l , 2 n + l , 1  Ix " 

The normalization gives 

(n')4 x2n+14F3(n+l,n+l,n+l, n+l ) 
((2n)[) 2 2n + 1, 2n + 1, 1 Ix • 
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A straightforward computation shows that if one puts 

4F3(  n + l ' n  + l ' n  + l ' n  + l = 
2n + 1 ,2n+ 1,1 E 

c ( ~ ) x  n,  

n-~O 

then 

(4.4) 

which gives 

(2n!) 2 Ot E c(n + t)x n+t It=o, 
L n=O 

~2(X)=X2n+ 1 (n!)4 [ ( n +  1 , n +  1 , n +  1 , n + l  ) 
(2n!)2 4F3 2 n + l , 2 n + l , 1  Ix logx 

((n + k),) 4 (~k-, 4 2 
+ E ((2n + k)!)2"k!2 \s'-~l n + 1 + s 2n + 1 + s k=l ---- 

Remark 9: 

!)xk] 

33 

4F3 ( n + 1 , n + 1 , n + 1 ,  n+  l ) 
2n + 1, 2n + 1, 1 Ix 

can be written 

n! I I ( O + k )  4F3 n + l , n + l , n + l , 1  
--  2n+  1 ,2n+ 1,1 Ix 

k=l 

- n!dx ~ x~3F2\  2 n + 1 , 2 n + l  Ix " 

Remark 10: 

/~2(1)--(n')4 ~ ((n+k) ' )4  (s_~l 4 _ 2 __2) 
(2n!) 2" ((2n + k)[) 2`k[ 2 n + 1 + s 2n + 1 + s s 

k=l 

is equal to Beuker's integral 

1 1 1 ~ dxdydz 

[Be2]! 

Now by the previous study, the polynomial A3 (x) is also a solution of this 
differential equation. 

This Riemann scheme gives, as in the proof of Theorem 2, the hypergeometric 
polynomial 

~ -n ,  -n ,  -n ,  - n  ) 
Au(x) = 4F3 \ 2 n +  1 ,2n+ 1,1 Ix . 
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This corresponds by an easy transformation of the Riemann scheme to Ap~ry's 

polynomial [Ap] 

(x2~24F3(-n'-n'n+l'n+111/x) A3(x) = - -  1,1,1 " 

Let us recall the following definition [AAR]. 

Definition 5: A hypergeometric series 

a o , a l ,  • • .  , a m  
m+lFm\ bl,...,bm Ix) 

is called Saalschutzian if x = 1, if one of the parameter ai (i.e. this series is a 

polynomial) is a negative integer, and if 

m m 

i=0 i=1 

A3 (x) is "Saalschutzian". 

Now, it can be shown that by substituting x = 1 in the left hand side one 

obtains 

R2(1) = 2A3(1)~(3) + A0(1) 

with 

(4.5) an=A3(1)= n l =4F3 - n ' - n ' n + l ' n + l l l  
1,1,1 

l----0 

precisely the approximations that Ap~ry used in his irrationality proof for ~(3). 
(See also [Gu], [Ne2] and [Hu3].) 

Recall that Ap~ry's original proof of the irrationality of ¢(3) made crucial 

use of the fact that the numbers an, bn :-- A0(1) and rn := R2(1) satisfy the 

second-order recurrence with polynomial coefficients, 

(n + 1 ) 3 a n + l  - ((n + 1) 3 + n 3 + 4(2n + 1 ) 3 ) a n  + n 3 a n _ l  = O. 

Using the fact that A3(x) is a hypergeometric polynomial, we can also find such 

a relation by use of Zeilberger's algorithm of creative telescoping [Ze]. 
There exists another method to compute the polynomials Ak(x) and the 

remainders R1 (x) and/~2(x) (see [Nel]). If we put 

Y(x) = f i  xtg2(t)dt' 
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the function ~(t)  satisfies the recurrence equation of the first order 

( t  - -  n )  4 
(4.6) (t + 1) = ~(t).  

(t + 1)2(t - 2n) 2 

To solve (4.6) we must choose: 

(1) The solution of this linear recurrence, which is a quotient of F functions 

modulo periodic functions of period 1. 

(2) The path of integration L. 

We choose, for example, 

~-2r(t - n) 4 

• (t) = r ( t  + 1 ) ~ r ( t  - 2n - 1)2(sin~t) 2" 

After easy simplifications of the gamma factors, putting 

R(t )= ( ( t - 1 ) ( t - 2 ) . . . ( t - n ) )  2 
(t(t + 1)(t + 2 ) . . . ( t  + n ) )  2' 

a rational function, one finds 

7r 2 

Y(x) = fL n( t )x t" (s i~ t )  2 dt. 

We now expand R(t) into the sum of partial functions 

we find 

bk ~ ak . 
R(t)  = (t + k)~----~ + (t + k)'  

k=0 =- 

k k ' 

ak = (t + k)2R(t)l~=_k = --2bk 
- j=l (j ~- k) (k - j) 

Thanks to residue calculus, we find for 1~2(x) = R2(x) + log xRl(x) 

x2~+1 E R' (k)x(k-~-l) + R(k)x (k-n-l) logx. 
k = n + l  k-- 1 

See the end of the proof in [Gu]. 
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5. G e n e r a l i s a t i o n  of  A p g r y ' s  c o n s t r u c t i o n  

Let us consider the deformation of the linear form 

m 

Ro(x) = Ao(x) + Z Ak(x)Lik(x), 
k = l  

m 

Ro(x, s) = Ao(X, s)x ~ + Z Ak(x)Lik(x, s), 
k = l  

with Ao(x, O) = Ao(x), and 

1 0 p 
(5.1) Rp,k(x) - p! Osv (Ro(x, s))ls=o. 

LEMMA 1 : For every positive integer p we have 

1 0 p p (k+j-1) 
(5.2) ck, , (x)  - p! Osp(Lik(x,s))l~=o = ~(-1)~ "(p _~ j)!' n~+, (x).(log x)P-J. 

j = 0  

Taylor's formula at s = 0 gives (formally) 

(5.3) N(x,  s) = N(x) + Ak(x)Ck,p(z) + ~,~(x) 
p = l  " k = l  

where 
P 1 0 j 

Ro,,(x) = ~ j!(p-j)!  ~ Ao(x, s)ls=0.(log x)~-J. 
j = l  

Now if one puts 

and 

OJ 
Bj(x)  = ~jsj A0(x, s)ls=o 

Isr .  J .  M a t h .  

m (k+j-l~ 

(5.4) [~p,j(x) = Z Ak(x)(-1)J " j " (p _ j)! Lik+j(x) + Bj(x), 
k=l 

we obtain for j = 0, 1 , . . .  ,p 

oo 

(5.5) ~k (x) = ~ ~,j  (x)(log x)~-J. 
j = 0  

Having disposed of these preliminary steps, we can proceed analogously to the 

proof of (2.2) for the p linear forms/~j,k(X), 0 <__ j _< p. 
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The new local system is, for 1 _< j _< p, generated by £p,k(x)  and is of rank 

m + p + 1 over C(x). 

The same proof as in Theorems 3 and 4 and the previous section gives in the 

first case (not well-poised) the following Riemann scheme related to (3.3): 

(5.6) R 

0 ~ 1 
ao -n(o 1) 0 

ao - n  (p) p -  1 
0.0 - n o  p 
el - n l  p + 1 Ix 
e2 

• , 

era-1 p +  m 

0 --nra o"1 

where for 1 < k < p, n (k) denote the degree of the polynomials OkA(x,  O)/Os k. 

The remainders are given (within a multiplicative constant) by 

(5.7) Ro(X) = C(ao)x ~° 

Xm+p+lFm+p ( 0 . ° - n ( 1 ) ' ' ' " a ° - n ( P ) ' 0 . ° - n n ~ ' 0 . ° - n ° ' " " 0 . ° - n m l x )  , 1 , 1 + 0 . o - e l , . . . , l  + 0 . o - e m - 1  

If we put 

x ( x )  = x ~° C n  , 

n~0 

then the other remainders are given by the computation of 

k! Os k x~°+~ ~ C(n+~)x~ I~=o. 
n~-O 

5.1 AN EXAMPLE IN THE WELL-POISED CASE. W e  also  c a n  find t h e  s a m e  k i n d  

of formulae in the well-poised case. Putt ing p = 1, no = nl  . . . .  = nm = n~ 1) = 

n and with the results of Theorem 4, one obtains 

( 5 . 8 )  Ro(x) = C(oo)x  ~° 

×m+3Fm+2 ( 2 0 . 0 - - n ' ~ 0 - - n ' ° ° - - n ' ' " ° 0 - - n l x )  ' '  +oo, . . . .  ' +0.o 

n~(x) = ~ x ~o+s Z c(n+s)x" Is:o; 
n-~O 
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then (within a multiplicative constant) 

(5.9) Rl(x) = Ro(x) logx - [(m + 1)Am(x)Li,~+l(X) + . . .  + 2Al(x)Li2(x) 

+ OAo(x, O)/Os] 

Am(x)=m+2Fm+l(  a ° - n ' ' - n ' - n ' ' ' ' ' - n  ) 
1 - a 0 , 1 , 1 , . . . , 1  Ix " 

If one chooses m + 1 odd, we have Am-l(1)  . . . . .  A3(1) = AI(1) = 0. This 

gives the following linear form: 

R~(1) = (m + 1)Am(1)Lim+l(1) + " "  + 5As(1)Li5(1) + Ao(1). 

This formula is important for arithmetic applications [Zul]. 

It is interesting to note that in the general case for p _> 3, these formulae give 

the rational simultaneous approximations of 

~ ( m + p + l ) , ~ ( m + p -  1 ) , . . . , ~ ( p +  2),1 

for m and p odd integers [Zul]. 

If AI(1) = 0 then 

(5.10) 
m (k+j - - l~  

j 
/~p,j (1) = E Ak(1)(--1)J (p _ j)! ~(k + j) + Bj(1). 

k=2 

If, for 1 < k < m, d is a denominator of Ak(1), Bj(1), i.e. such that dAk(1) E Z 
resp dBj(1) • Z and d[~j,k(1) is very small, then we obtain simultaneous rational 

approximations of 

1, ( ( j  + 2), i ( J  + 3),. •.,  ~(j + p). 

6. H e r m i t e - P a d ~  a p p r o x i m a t i o n  of  t h e  s e c o n d  k ind  

for p o l y l o g a r i t h m i c  func t ions  

We try to find a polynomial Pro(x) of degree m N  such that the following 

conditions are satisfied: 

(6.1) 

R1 ( l /x )  = Pm(x)Lil(1/x) - Q1,N(x) = O(1/xN+I), 

R2(1/x) = Pm(x)Li2(1/x) - Q2,N(X) = O(1/xN+I), 

Rm(1/x) = Pm(x)Lim(1/x) - Qm,g(x) = O(1/Xg+l). 
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For 1 < k < m, Qk,N(X) are the polynomial parts of the expansion of 

Pm(x)Lik(1/x). 

Indeed these conditions yield mN homogeneous linear relations for the mN + 1 
coefficients of Pro(x). 

Such a system always has a non trivial solution and so a polynomial Pro(x) ~ 0 
satisfying these conditions exists. 

Now, using the construction of Lemma 1 and applying carefully the proof of 

Theorem 2, we find the following Riemann scheme: 

/i ! 
N + I  0 

N + I  1 I x (6.2) n . . 

N + I  m - 1  
- m N  0 

We obtain that 

R1 (1 /x ) ,  R 2 ( 1 / x ) , .  . . , R m ( 1 / x ) ,  P (x) 

are solutions of the hypergeometric differential equation 

(6.3) ~m+~ _ x(~ - mN)(~ + N + 1) "~ = 0 

and (within a multiplicative constant) P~(x) is given by the following hyper- 

geometric polynomial: 

Pm(x)='~+lFm( -mN'N÷I'N÷I'''''N÷ll,1,...,I,I ,x) 

k=0 

In the particular case m = 1 we obtain (within a multiplicatve constant) the 

Legendre polynomials. 

One can use the following identity in C(x)(8) to prove that these polynomials 

(called 'Legendre type polynomials') are effectively generalisations of Legendre 

polynomials. Namely 
Dkx k = (8+ 1 ) . . - ( 8 +  k) 

yields the relation 

(6.5) Pm(X)-- (N!) {(O+l)(O+2)...(O+N)}m+lFm ( - m N ,  1,..., 1,1 Ix) 
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and the relation 

- m N ,  1, 1 , . . . ,  1 
1 F o ( - m _ N , x )  = m + l F m \  1 , 1 , . . . , 1 , 1  ,x) 

gives for this hypergeometric polynomial the formula 

(6.6) Pro(x) - 1 {DNxN}m{( I_  X).~N}" 
( i ! )  m 

M. Hata  ([Ha]) uses this formula to show that Pro(x) is orthogonal on the interval 

[0, 1] to the m functions 

xJ(logx) k, 1 <_ j <_ N, 0 <_ k < m. 

The classical Legendre polynomials 

pN(X) = (--1)NpI(X) 

satisfy the recurrence formula 

( g  + 1)pg+l(X) -- (2N + 1)(2x - 1)pN(X) + YpN-l (x)  = 0 (6.7) 

with 

po(x)= l, pl(x) = 2 x - 1  

and we recall that this gives the continued fraction expansion of log(1 - l / x )  at 

X ~ (X). 

This kind of recurrence was generalized by M. Hata  [Ha], who proved that 

such polynomials satisfy a three-term recurrence of the form 

PN+I (x) = (aN.X + bN).PN(X) + CN.PN-I (X). 

If we know this recurrence explicitly, we can easily give a result of linear 

independence for the family 

1, Lil(x), Li2(x), . . . ,  Lim(X) 

by use of Poincar@'s or Perron's theorems on asymptotics of linear recurrences 

([MT] page 548). 

Formula (6.7) gives the recurrence when m = 1. We can find it for m = 2 

using the method of creative telescoping [Ze]. 
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